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NEUTRALIZATION OF BACTERIOPHAGE BY THE 
PROPERDIN SYSTEM 


By HeLeN Van Vunakis, JAMES L. BARLOW, AND 
LAWRENCE LEVINE 


DIVISION OF LABORATORIES AND RESEARCH, NEW YORK STATE DEPARTMENT OF HEALTH, ALBANY 
Communicated by Gilbert Dalldorf, May 22, 1956 


In 1954, while attempting to isolate one of the components of complement, 
Pillemer and co-workers encountered a serum protein that may play an important 
role in natural immunity.' This protein, properdin, acts only in conjunction with 
the complement system and certain divalent cations. Properdin has been found 
in normal human, rat, cow, pig, mouse, dog, rabbit, sheep, and guinea pig sera. 
It differs from classical antibody in its lack of specificity and in some requirements 
for its interaction.! Properdin participates in the destruction of certain bacteria, 
in the neutralization of certain viruses, and the lysis of certain red cells. 2 The 
present methods* ‘ of assay for properdin are laborious, and other procedures are 
being sought. 

Bacteriophage may be inactivated by fresh serum; this was made clear in early 
therapeutic trials.2 Studies on the neutralization of bacteriophage by fresh human 
sera, reported here, suggest that the reaction may be an indicator of properdin 
levels. Bacteriophage is advantageous for this purpose because it is easy to isolate 
and purify, is sufficiently stable to use as a single stock for long-term experiments, 
and can be easily assayed with desirable precision. Moreover, the occurrence of 
classical antibodies to phage in human sera is unlikely. 

T2r* phage, one of the T-series of bacteriophages active on Escherichia coli B, 
was prepared and purified according to the method of Herriott and Barlow.* Hu- 
man bloods, drawn aseptically, were placed immediately in an ice bath and allowed 
to clot for several hours at 0° C. The sera, collected by centrifuging the clotted 
bloods at 2°-5° C. for 30 minutes at 1,200  g, were delivered into Pyrex test tubes, 
frozen in a dry ice-aleohol mixture, sealed, and placed in a COs chest until used. 
Complement component reagents were prepared according to the procedure out- 
lined by Kabat and Mayer.’ The Rp reagent was prepared as described by Pil- 
lemer et al.°. Our procedure involves adsorption of fresh human sera three times 
with zymosan’ at 17° + 1° C., followed by an adsorption at 37° C. Sera treated 
in this manner retained less than 10 per cent of their original virucidal activity. 
The properdin was a purified preparation kindly supplied by Dr. Louis Pillemer, of 
Western Reserve University. It contained 50 properdin units per milliliter as 
assayed by him. For optimal experimental conditions normal serum, Rp serum, or 
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serum void in one of the components of complement 
was maintained at 0° C. and adjusted to a pH of 6.7 + 
0.2 by the cautious addition of chilled 0.1 NV HCl. The 
treated reagents were brought to 0.126 osmolar with 
distilled water and diluted to the desired concentration 
with veronal buffer. The reaction mixtures were pre- 
pared by adding 0.1 ml. of T2 phage, diluted to contain 
1.2 X 10° particles per milliliter, to 1 ml. of diluted 
serum. In cases in which a cation was used, 0.1 ml. of 
a 1:10 water dilution of 0.1 M/ stock solutions was added 
to the serum-phage mixture. When no cation was re- 
quired, 0.1 ml. of veronal buffer was added. For each 
experiment, duplicate tubes of 1 ml. each of 0.8 per cent 
Difco nutrient broth supplemented with 0.5 per cent 
sodium chloride and 0.1 ml. of diluted virus (1.2 X 10° 
per milliliter) served as controls. Cations were added 


104 per milliliter, 0.151 osmolar. 


1.0 x 


when necessary. In general, the virus-serum mixtures 
and controls were incubated at 36° + 1° C. for 1 hour. 
One milliliter of these mixtures was diluted with 0.85 per 
cent saline at 0° C. to stop the reaction, and the chilled 


; phage 


REACTION MixtuRt 


suspensions were titrated for active phage. 
We have found that T2 phage is inactivated by fresh 
sera from human,’ pig, cow, rat, rabbit, mouse, and 
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guinea pig. The results of a typical neutralization ex- 
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periment with human serum are shown in Table | and 
are illustrated in curve A of Figure 1. Apparently the 
amount of T2 phage neutralized by fresh human serum 
under uncontrolled conditions is dependent upon the 
concentration of serum in the reaction mixture. The 
optimal experimental conditions for the virucidal action 
of human serum was between pH 6.7 and 7.1 in 0.126 
osmolar barbital buffer in the presence of Mg++, Co**, 
or Mn++." The reaction was almost complete in | 
hour at 36° C. The results of an experiment carried 
out under these conditions are shown in curve B of 
Figure 1. While approximately 0.3 ml. of serum were 
required to neutralize 50 per cent of 104 T2 phage per 
milliliter under uncontrolled conditions, only 0.04 ml. of 
serum accomplished the same neutralization under op- 
timal conditions. A seven-fold increase in sensitivity of 
phage neutralization by human serum was thus achieved 
by adjusting the experimental conditions. 

Further experiments on the role of properdin and 
complement (C’) in phage neutralization were con- 
ducted with serum reagents lacking C’1, C’2, C’3, and 
C’4, respectively, and properdin. No neutralization 
was observed with any of these reagents. Recombina- 
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tion of any two complement reagents that restored C’ activity, as judged by hemol- 
ysis, also restored the virucidal activity. When fresh serum was heated at 56° C. 
for 15 minutes, the phage-neutralizing property was destroyed. Virucidal action 
was eliminated by the addition of a chelating agent, ethylenediamine tetra-acetate, 
indicating a requirement for divalent cations and further implicating the comple- 
ment system. A reagent lacking properdin (Rp),* prepared by treating fresh human 
serum with zymosan, exhibited no neutralizing activity. It was hemolytic, which 
indicated the presence of all the C’ components. The zymosan eluate, itself inac- 
tive, when added to Rp restored the neutralizing capacit:’ of the serum. Experi- 
ments carried out with Rp and purified properdin are shown in Figure 2. The addi- 
100 
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Kia. 1.—Neutralization of T2 phage by fresh human serum. 
Volume of reaction mixture, 1.2 ml.; reaction time, 1 hour; 
temperature, 36° +1° C.; phage, 1.0 X 10* per milliliter. 
Curve A, pH 7.7 + 0.2; 0.151 osmolar. Curve B, pH 6.8 + 0.2; 
0.126 osmolar; 0.001 M Mg** 
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Fic. 2.—Neutralization of T2 phage by Rp plus 
properdin. Volume of reaction mixture, 1.2. ml.; 
reaction time, | hour; temperature, 36° + 1° C.; 
phage, 1.0 X 10* per milliliter; pH 6.8 + 0.2; 0.126 
osmolar; 0.001 17 Mg**. [* Properdin assayed by 
Dr. Louis Pillemer, of Western Reserve University. | 


tion of increasing amounts of purified properdin to a serum (Rp) devoid of this pro- 
tein but possessing complement components and magnesium ion restored and in- 
creased the virucidal activity. 
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Preliminary kinetic studies on virucidal activity of human serum suggest that 
more than one factor may limit the reaction. In view of the multicomponent na- 
ture of C’, experiments were performed to determine whether a C’ component as 
well as properdin is a limiting factor. Accordingly, a constant volume of Rp, which 
contains C’ components, was added to increasing quantities of serum. The viru- 
cidal activity of these mixtures was significantly less than that of serum alone, sug- 
gesting inhibition by high concentrations of serum constituents. Experiments are 
now being carried out using phage labeled with P*? or S*, in order to elucidate the 
mechanism of phage neutralization by the properdin system. 

Summary.—The phage-neutralizing action of fresh human serum is heat labile 
and is dependent on the four recognized components of complement, on properdin, 
and on a divalent cation(s). Phage neutralization by fresh serum may be of use 
in assaying properdin. 

1 L. Pillemer, L. Blum, I. H. Lepow, O. A. Ross, E. W. Todd, and A. C. Wardlaw, Science, 120, 
279-285, 1954. 

2 R. J. Wedgwood, H. 8. Ginsberg, R. H. Seibert, and L. Pillemer, Am. J. Diseases Children, 
90, 508, 1955; A. C. Wardlaw and L. Pillemer, J. Exptl. Med., 103, 553, 1956; C. F. Hinz, Jr., 
W.S. Jordan, Jr., and L. Pillemer, J. Clin. Invest., 35, 453, 1956; C. F. Hinz, Jr., and L. Pillemer, 
J. Clin. Invest., 34, 912, 1955. 

3 L. Pillemer, L. Blum, I. H. Lepow, L. Wurz, and E. W. Todd, J. Exptl. Med., 103, 1-13, 1956. 

*M. Leon, J. Exptl. Med., 103, 285, 1956. 

5 A. Gratia and W. Mutsaars, Compt. rend. soc. biol., 106, 943, 1931; A. C. Evans, Public 
Health Repts., 48, 411, 1933; M. Applebaum and M.S. Patterson, J. /nfectious Diseases, 58, 195, 
1936. 

6 R. M. Herriott and J. L. Barlow, J. Gen. Physiol., 36, 17-28, 1952. 

7B. A. Kabat and M. M. Mayer, Experimental Immunochemistry (Springfield, [ll.; Charles C 
Thomas, 1948), Chap. IV. 

8’ Zymosan, Lot No. 6B14, was obtained from Standard Brands, Incorporated. 

Dr. Ralph Wedgwood, of Western Reserve University, has confirmed (personal communica- 
tion) the findings that T2 phage is neutralized by the properdin system and has further found 
that Z. coli phage T7 is inactivated in a similar manner. Our findings with the bacteriophage are 
identical with the results obtained in his study with the Newcastle virus. 

© J. L. Barlow, H. Van Vunakis, and L. Levine (unpublished). 


THE MECHANISM OF DNA REPLICATION AND GENETIC 
RECOMBINATION IN PHAGE* 
By Cyrus Levinrua.t 
PHYSICS DEPARTMENT, UNIVERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN 
Communicated by A. Lwoff, April 12, 1956 
INTRODUCTION 

The hypothesis that desoxyribose nucleic acid (DNA) carries genetic information 
has been well established by experiments with the transforming factor of pneumo- 
coccus! and the functional separation of DNA and protein in bacterial viruses 
(phage).2 This, together with the fact that the structure of the DNA molecule 
seems to be self-complementary,* has led to much speculation as to the mechanism 
by which it is duplicated. However, these speculations have not been very much 
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limited by experimental results. It has been shown‘ that there is little or no turn- 
over of the atoms of DNA in growing Escherichia coli, but there are very few data 
on the question of how the atoms of this DNA are distributed among newly formed 
molecules or even newly formed organisms. Are these atoms found in one, in a 
few, or in many molecules after repeated replications? 

Bacteriophage are particularly useful for investigations of this problem. Accept- 
ing the hypothesis that DNA is the genetic material of the phage, it seems likely 
that knowledge of the way in which the atoms of the parents are distributed among 
the progeny virus particles will help in answering this question. And since the 
DNA can be removed from these virus particles by artificial means, it is also pos- 
sible to study the atomic distribution with the extracted material. 

However, before considering the phage experiments, we will examine an idealized 
situation in which DNA molecules are labeled with P*? and allowed to reproduce 
in a nonlabeled cell growing in a nonlabeled medium. The various theories of 
replication can be classified according to the result each would predict for this 
experiment. Three possibilities are diagramed in Figure 1. In case J the parental 


(1) (1) 
(0) : i . 


i* GENERATION H || H ‘i; 
nd f AF ; 
2. GENERATION }|. | : 
| | | 
MANY GENERATIONS - | AMAA ee 


Fic. 1.—Three types of model for the replication process. The dots represent radio- 
active label, and the open squares represent the nonradioactive subunits used to build 
the new structure; (0) is the original labeled molecule. J is template-type replication 
which leaves the label in one molecule; // is a dispersive type of replication (see M. 
Delbriick, these PRocEEDINGs, 40, 783, 1954); and /// is a complementary type (see J. D. 
Watson and F. H. C. Crick, Cold Spring Harbor Symposia Quant. Biol., 18, 123, 1953). 


particle acts entirely as a template for the formation of its daughters. The P® 
would continue to reside in one particle regardless of the number of replicas formed, 
and more and more completely nonradioactive particles would accumulate. In 
case [7 the atoms of the original structure are distributed equally between the two 
daughters at each doubling, and, when many particles had been formed, one with 
more than a single P*? atom would rarely be found. In case ///] we have indicated 
the results of the proposals of Watson and Crick* based on the complementary 
structure of DNA. The P*® is originally contained in the two complementary 
members of the double helix. When duplication occurs, these two members 
separate, and each makes its own complement from the nonradioactive subunits 
in the cell. Thus, after one generation, the radioactivity is distributed between 
the two daughters, as in case //. However, further growth would result only 
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in the formation of more new nonlabeled particles, since each member of the double 
helix is assumed to maintain its atoms intact. After many generations of growth 
there would still be two radioactive particles, each of which would have half the 
original number of P*? atoms. 

In considering this labeling experiment with the phage T2, it must be noted 


that there is extensive genetic recombination during the vegetative phase of 
growth. Although there has not been any advance toward a solution of the 


problem of the molecular basis of genetic recombination, there are experimental 
data which can distinguish between certain general classes of schemes which might 
be involved. In the case of higher organisms, one has been led to the idea of 

breakage and reunion of al- 
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as the basis of the recombi- 
nation event. In the bac- 
terial viruses, there is evi- 
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dence®’~? to suggest that the 

process occurs by some sort 

of partial replica formation 

which leaves the original 

structures intact. In this 

hypothesis the recombinants 

are thought of as formed de 

novo, partly under the con- 

trol of one parental strue- 

ture and partly under the 

control of another. These 

two classes of mechanisms 

lead to different predictions 

for the P* tracer experi- 

ment if one assumes that the 

genetic structure is DNA. 

Fic. 2.-Two types of model for the production of genetic As shown in Figure 2, A, 
recombinants. The dots represent the radioactive label, each mating event would 
and the cross hatching represents a second genetic com- are a ; 3 
position. The structures outlined with dotted lines are distribute the P® as it dis- 
newly synthesized. A represents the breakage-and- tributes the genes if cross- 
reunion type mechanism, and B represents partial replica 


fortnation. ing over involved breakage 


and reunion of preformed 
structures, while (Fig. 2, B) the partial-replica type of model will not disturb the 
label in the original structure. 

The tracer experiment with phage is complicated by the fact that only about 
40 per cent of the total phosphorus of the parental virus is transmitted to the 
progeny particles. However, since in one growth cycle there is extensive growth 
as well as several mating events per particle, we have the problem of distinguish- 
ing among the six possibilities obtainable by combining cases /, //, and /// for the 
replication process with A and B for the recombination events. 

In order to study the question directly, a method has been developed using an 
electron-sensitive photographic emulsion for the measurement of the radioactivity 
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of a single virus particle or a single DNA molecule, if it produces as few as fifteen 
disintegrations per month. This paper will give a brief description of the method 
and a preliminary report of the results obtained. 


METHODS 


The electron-sensitive photographic emulsion G-5, manufactured by Ilford, Ltd., 
was used in these experiments. The emulsion is supplied in the form of a gel which 
is liquefied by warming to 50° C. <A layer of emulsion is poured onto a specially 
prepared microscope slide (also supplied by Ilford), chilled, and allowed to dry. 

In our procedure, three spots of emulsion approximately 2 cm. in diameter are 
poured onto each microscope slide, each spot being contained by a glass ring. 
The glass rings are removed as soon as the emulsion has solidified, and the emulsion 
is freed from the ring by means of a sharp needle. When the first layer of emulsion 
has been dried, a second layer containing the P**-labeled particle is poured on top, 
and, when this layer is dry, a third of pure emulsion is added. Thus a sandwich 
of about 200-u thickness is formed, with the radioactive particle imbedded in the 
emulsion. The plates are stored under 10 em. of lead at 5° C. and developed*® 
after various exposure times. 

When the developed plates are examined under a microscope, one observes 
stars consisting of several electron tracks emerging from a point in the emulsion. 
The number of tracks per star can be counted and should correspond to the number 
of P*? disintegrations which occurred in the particle during the exposure time. 
Since the particles used were the phage themselves and the DNA extracted from 
them, the tracks of a star all originate in volumes of less than a few cubie microns 
of the emulsion, and, therefore, background tracks which pass several microns 
away from the center cause no confusion. Tests with radioactive phage showed 
that 85-100 per cent of the total disintegration leads to countable tracks and that 
the method can be used for measuring radioactivity of particles with as few as 
ten to fifteen disintegrations per month. In general, no attempt was made to 
count stars with less than five tracks, since these could be simulated by a single 
electron undergoing a sharp scattering or by two tracks crossing each other. 

In order to determine the number of radioactive particles in the solution tested, 
polonium 210 is added before the material is mixed with the emulsion. The alpha 
particles emitted by this isotope leave easily distinguishable tracks in the emulsion 
and can be used as indicators. The ratio of alpha tracks to stars is used to cal- 
culate the number of radioactive particles in the test solution. 

Radioactive phage was obtained from bacteria grown in a tris-glucose medium’ 
containing 0.1 mg. of neo-peptone (Difco) per milliliter and 1.5 ug. of added phos- 
phorus per milliliter. Carrier-free P*®? was added to give a specific activity of 
between 100 and 200 millicuries per milligram of phosphorus. A culture of E. 
coli B grown in this medium was infected with phage R2r1 at a multiplicity of 
approximately 0.25 phage per bacterium. After lysis of the culture, the lysate 
was treated with RNase and DNase, and the phage was purified by three or four 
cycles of high- and low-speed centrifugation. 

Except where indicated, the methods used for the biological assays are those 
described by Adams.'° 
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RESULTS 

Tests of the Emulsion Method.— As part of the preliminary investigation into the 
technique using the photographic method, the purified radioactive virus was put 
into the emulsion. The P*? content of the virus particle was known from the 
activity of the medium combined with the total phosphorus content per phage, 
as measured by Hershey.’ In addition, the rate of decay of the biological activity 
due to the incorporated P*? was measured. From this decay, the so-called “suicide 
rate,’ and the efficiency of the P* disintegrations in inactivating the phage as 
previously measured by Hershey ef al.'' and by Stent,'? the P*? per phage was 
also calculated. These values agreed within an experimental variation of about 


15 per cent and also agreed with the P* per phage calculated from the number 
of tracks per star and the exposure time. However, in some cases the exposure 


time for the original phage was so short that delays in the drying of the emulsion, 
especially in warm, humid weather, meant that agreement could be obtained only 
by allowing the P*? to decay before the virus particles were plated, so that longer 
exposure times were possible. When the standard deviation of the number of 
tracks per star in a given plate was determined, it was found to be equal to the 
square root of the mean number of tracks per star, as is to be expected for a process 
which is governed by the laws of random labeling and random decay. 

Figure 3 gives the results of one calibration curve recently obtained in collabora- 
tion with Dr. C. A. Thomas, Jr. A labeled phage stock was adsorbed to sensitive 
cells at low multiplicity, washed by centrifugation, and plated in the emulsion. 
The data show the observed mean number of tracks per star as a function of the 
amount of the P** which decayed before development. The slope gives a value for 
the total number of P*? atoms per phage which is in agreement with the value 
calculated from the “suicide” curve of the same stock. 

Transfer Experiments.—The purified P**-labeled phage were adsorbed to sensitive 
bacteria with less than one phage particle added per bacterium. This low multi- 
plicity of infection was used so that any phage which had been inactivated during 
the purification would not be able to contribute its P*®* to the progeny. The 
effectiveness of this procedure was demonstrated by an experiment in which the 
phage was stored for several days before the transfer experiment. Under those 
conditions most of the plaque-forming activity of the phage stock was lost, but the 
particles could still adsorb to bacteria. However, their P*? was not subsequently 
found in phage particles. 

The adsorption was carried out in buffer at 37° C., and the cells were then 
sedimented at low speed (3,000  g) for 5 minutes. They were resuspended in 
salt-free broth at 37° C. and centrifuged again to remove any phage which might 
be reversibly adsorbed. They were again resuspended in salt-free broth and 
aerated at 37°. In salt-free broth the newly formed phage were not readsorbed 
to cells, and lysis of the infected bacteria was completed after 35 minutes by the 
addition of 0.01. M KCN. The lysate was centrifuged at low speed to remove the 
uninfected cells and bacterial debris. The amount of P*® in this low-speed pellet 
was from 25 to 35 per cent of that in the lysate, depending on the amount of suicide 
which had occurred during the purification. The phage in the supernatent was 
purified either by high-speed centrifugation or by adsorption to sensitive cells 
and put into the nuclear emulsion. 
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Those first transfer phage were also used to infect new bacteria for a second 
transfer experiment. The second transfer was done in the same way as the first, 
except that the multiplicity of infection was about two phage per bacterium. The 
progeny of this second transfer was again plated in the nuclear emulsions. At 
every stage of the transfer experiment, biological assays were made of the un- 
infected bacteria, the infected bacteria, and the free phage, as well as Geiger- 
counter measurements of the total radioactivity of each fraction. 





CALIBRATION BY COUNTING RAYS PER STAR 
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Fic. 3.—(% obs.) corr. is the mean value of the star size corrected 
to take into account the fact that stars of less than 5 tracks are 
not counted. This correction is negligible for (7 obs.) greater than 
10. (1 — e~™) is the fraction of the total P** decaying during the ex- 
posure time. See Hershey ef al., J. Gen. Physiol., 34, 305, 1951, 
for the derivation of the suicide efficiency a. They find a to be 
about 0.10, to be compared to the value calculated from the star 
counts. 











The results of these control measurements of biological activity and total radio- 
activity can be summarized as follows. Over 90 per cent of the biologically active 
phage was adsorbed to the cells, but only about 65-70 per cent of the radioactivity 
was adsorbed. The burst size in each transfer experiment was between 100 and 
150 phages per infected bacterium, and 35—45 per cent of the radioactivity in viable 
parental phage was transferred to the progeny in each case. Those results are in 
agreement with similar experiments reported by others.'* 
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The nuclear emulsion in which the first transfer progeny were plated showed 
stars which corresponded to 22 + 3 per cent of the amount of P*? that was in the 
original parental phage. The number of these phage particles which produce 
stars was about one per infected bacterium. However, this latter number is 
subject to more experimental error than the size of the stars. The maximum 
error in the average star size is about +15 per cent, while that in the count of the 
number of stars is about +40 per cent. The phage of the progeny at the second 
transfer experiment also produced stars in the emulsion, and these stars corre- 
sponded to the same number of P*? atoms per phage as was found for the first- 
generation phage, that is, about 23 + 3 per cent of the original phage P**. The 
number of the stars per unit of total radioactivity, as measured in the Geiger 
counter, was the same in the second-generation progeny as in the first generation, 
with the limit of error again about 40 per cent. 

In order to verify that the star-producing particles were actually phage, the 
lysates were allowed to adsorb to sensitive and resistant cells, and the infected 
cells were plated in the emulsion. The same size stars were observed in the plates 
on which phage adsorbed to sensitive cells were plated, but no stars were to be 
seen on plates in which the resistant cells were plated. 

The distribution about the mean number of tracks per star was consistent with 
a Poisson distribution for both the first and second transfer phage progeny, as 
well as for the original labeled phage, as shown in Table 1. 

TABLE 1 

F No 
r o? Fraction N P* in 
Mean No. _ Variance P22 Decay Pin Orig. Phage 


n 
Material Put in Tracks of Distri- No. during Star (from 
Emulsion per Star bution Counted Exposure Former Suicide) t 


(10.2 11 20 0.092 111 110 
7 ‘ 5 
Original phase d ye 4 oH 
17. 22 210 B.¢ 90 
Orig. phage DN A* 13 345 37.4 90 
Orig. phage DNA 14 150 ( 245 
Ist transfer phage 12 230 56 245 
Ist transfer DNA 13 260 : 245 
2d transfer phage 16 260 ds 245 
Orig. phage DNA 12 23 55 130 
Ist transfer phage 19. 60 : 130 
Ist transfer DNA 19 .60 3 130 
2d transfer phage 21.5 ‘ 0.60 3 130 
*“‘DNA"’ means the phage suspension after osmotic shock. 
+ The “efficiency of killing’’ was taken as 0.10. 


~ 
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Osmotic-Shock Experiments._An osmotic-shock method'* was used to disrupt 
the protein membranes of the phage and release the DNA into solution. The 
phages were put in a saturated NaCl solution and diluted rapidly with 20 volumes 
of added distilled water. This procedure reduced the viable titer of the phage to 
less than 3 per cent of its original value. If the phage stocks are sufficiently con- 
centrated, one observes an increase in viscosity and a drop in light scattering 
after the shock, and the viscosity is reduced to that of the original suspension by 
the addition of DNAse. The osmotic shock was done on phage suspensions of 
various concentration and with various amounts of added nonradioactive phage 
as carrier. Also, the plating in the emulsion was done with one molar salt added. 
In all these cases the mean star size obtained was the same. 
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When the original uniformly labeled phage was subjected to osmotic shock, the 
number of stars produced by the solution was the same as that produced by the 
intact phage at the same dilution. However, the size of the stars dropped to about 
40 per cent of those produced by the intact phage. When the progency of the first 
transfer experiment was similarly treated, the number of stars remained unchanged, 
but the star size also remained unchanged at its value corresponding to about 
20 per cent of the original labeled phage. In both cases the variance of the ob- 
served star sizes was equal to the mean, thus indicating a Poisson distribution. 
In all cases where shocked material was plated after treatment with DNAse, no 
stars were observed. 

These experiments indicate that the original phage contained one large piece of 
DNA with about 40 per cent of the P*? of the phage and a number of small pieces 
too small to be detected in these experiments. The molecular weight of the large 
piece would be about 45 million, and that of the small pieces would be less than 
7-8 million. The fact that the star size does not change when the progeny phage 
is shocked seems to indicate that the P*? causing the stars is in a single DNA 
molecule with about 20 per cent of the P*? of the original phage. 

The experiments on the DNA molecule will have to be repeated with other 
methods used for extraction. However, the difference in the results obtained for 
the parental and the progeny phage would appear to eliminate most of the obvious 
kinds of artifact, such as partial extraction, as being responsible for the existence 
of the stars. Also, the fact that sharp distributions (i.e., distributions which had 
a variance equal to the mean) were obtained for the star sizes indicates that the 
osmotic shock was not producing random degradation of a single DNA particle. 


DISCUSSION 


The fact that the molecular-weight distribution is so extremely nonuniform is 
surprising but not greatly at variance with other measurements on this material. 
The most reliable results for the molecular weight of DNA have been obtained by 
means of light-scattering studies“ which determine a weight-average molecular 
weight. If we take 2.0 X 10~" ug. as the DNA content of the phage,’ then the 
molecular weight of the large piece would be 48 million and the weight average would 
be 19-25 million. However, regardless of whether the large piece is truly free 
DNA in solution, the discussion to follow requires only that it is a unique piece 
and not a random breakdown product. This conclusion is suggested by the 
difference observed between the effect of osmotic shock on the original phage and 
the effect on the first transfer progeny, as well as the narrow distribution found for 
the star size of the osmotically shocked material. 

Making the assumption that the large piece of DNA is the genetic structure of 
the phage, we can, by combining our measurements of the size with Benzer’s'® 
finding that there are at least 20,000 possible gene mutations in this phage, conclude 


that there are, at most, four nucleotide pairs involved in the minimum distance of 


recombination. 

The persistence of a piece of DNA with a high level of labeling seems to rule out 
any mechanism of duplication which implies repeated sharing of the atoms of the 
parental structure between the daughters. In our case each single-step growth 
cycle represents a multiplication of the DNA by a factor of 30-50, even before the 
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appearance of any mature phage. Therefore, two growth cycles correspond to 
multiplication by at least 1,000-fold. 

The fact that there are single phage particles with about 20 per cent of the P* 
in the original particles after both the first and the second growth cycle, with no 
drop in the activity of these labeled particles in the second cycle, does not, of 
course, imply that there is a 100 per cent transfer of efficiency for these particles, 
but only that the loss is due to an all-or-none transfer process. The additional 
finding that the fraction of the total radioactivity which is in stars remains un- 
changed during this second transfer is in agreement with the experiments of Maalde 
and Watson," showing equal transfer efficiency in the first and second vegetative 
cycles. 

The simplest interpretation of all the data is in terms of the Crick-Watson type 
of complementary replication indicated in Figure 1, case ///. The phage has 
a large piece of DNA of molecular weight about 40 million and a number of small 
pieces of molecular weight less than about 8 million. When growth occurs, this 
large piece splits and produces two particles, each of which has half the radio- 
activity of the original large one. The small pieces are distributed widely among 
the progeny phages and, therefore, no longer contribute to the formation of stars. 
The progeny phages which do produce stars are those which receive the half-labeled 
large piece. We assume (after Hershey) that the 40 per cent transfer is the result 
of accumulated inefficiencies in the growth process which apply equally to the 
large and small pieces of DNA. 

Stent and Jerne!® reported some very ingenious experiments designed to deter- 
mine the distribution of P*? among the phages of the first transfer progeny. Their 
method was based on observing the decrease in the transferability of the P** in a 
second-generation transfer experiment. Their conclusion was that the P**? was 
distributed among 8-25 particles. Further studies” indicate that the decrease in 
transferability stops when it has dropped to about half its original value, and these 
results, if analyzed as a two-component system, are not in disagreement with those 
reported here. 

The persistence of the highly labeled piece of DNA, particularly through the 


second-generation transfer, immediately suggests that genetic recombination does 
not occur by breaking and reunion of the DNA molecule. However, this con- 
clusion is based on the assumption that the large piece of DNA is the chromosome 
of the phage. In order to test this assumption, experiments are being carried out 


’ 


in collaboration with Dr. C. A. Thomas, Jr., in which a P**-labeled phage of one 
genotype is crossed with a nonlabeled phage of another genotype. Preliminary 
results indicate that there is a close and possibly complete association between 
the ability of the phage in the progeny to produce stars and the markers of the 
labeled parent. 

Visconti and Delbriick?! analyzed the kinetics of a phage cross under the as- 
sumption that the mating event is analogous to that in higher organisms and 
involves breakage and reunion of preformed chromosomes. With the additional 
assumption that the matings occur randomly in a pool of noninfective particles, 
presumably nucleic acid, they calculate that there would have to be, on the average, 
about 2.5 matings per particle in this pool before any appearance of infective 
phage. Since it seems reasonable that we are observing the structure which 
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carries the genetic information of the phage, one can conclude that this structure 
remains intact even during a phase in which genetic recombination is known to 
be taking place. If mating involved breakage and reunion, one can demonstrate 
that the star size would decrease to about 30 per cent during the second-generation 
transfer. If the mechanism for the production of recombinants involves partial 
replica formation the calculations of Visconti and Delbriick must be modified, 
but the problem can still be considered as one of population genetics, with matings 
taking place randomly in the pool. Under this assumption, matings would not 
imply any decrease in star size during the second transfer. 

The detailed predictions inferred from the Crick-Watson model (Fig. 1, case ///) 
cannot be checked by these experiments for the following reasons: First, it is not 
feasible to examine the DNA molecules of the phage after one doubling, but only 
after a complete growth cycle which yields a burst of approximately one hundred 
new phages. Second, the inefficiencies of the system which produce the transfer 
of only 40 per cent of the total parental phosphorus prevent one from observing 
whether there are really two labeled particles formed from each parental structure. 
For these reasons, experiments are being undertaken to study the distribution of 
the label of the DNA extracted from growing bacteria in which it is known that 
atoms once incorporated in DNA remain. 

Throughout this discussion it has been assumed that DNA causes its own replica- 
tion without the formation of any intermediates. Although experiments have 
been reported'® suggesting that there is a transfer of genetic information to a non- 
DNA component, the evidence does not, at present, seem sufficiently compelling 
to require consideration of this extra complication. 

The theoretical problem of how the DNA might replicate in spite of the fact 
that it must rotate along its length has been considered by Levinthal?? and Crane 
and does not seem to be as serious as was believed.** However, no satisfactory de- 
tailed model has been suggested to explain how two such replicating structures 


could co-operate to make a recombinant entirely of new material. It is likely 
that the direct product of the mating is a heterozygous particle which is comple- 
mentary in the Watson-Crick sense over most of its length but not complementary 
for a few mutated genes which lie on a short overlap region. This particle, which 
has the nucleotide order of one parent on one side of this overlap and that of the 
other parent on the opposite side, would duplicate to produce the observed progeny, 
but it is not clear what molecular interactions would be required for its forma- 


tion. 
SUMMARY 

The experiments reported here suggest that the phage T2 contains in one large 
piece approximately 40 per cent of its DNA. This piece of DNA probably con- 
tains the genetic markers so far mapped, and it replicates to produce particles, 
ach of which contains about half its atoms, but no further distributions of the 
original atoms take place with further replication. We have no information as to 
the size or function of the small pieces, except that each of them is less than about 
8 per cent of the total in the phage. Thus we conclude that the large piece of DNA 
probably replicates in the complementary manner suggested by Crick and Watson 
and that genetic recombination takes place by the formation of partial replicas. 
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THE PHYTOENE CONTENT OF TOMATOES 
By G. Mackinney, C. M. Rick, anp J. A. JENKINS 


DEPARTMENTS OF FOOD TECHNOLOGY, VEGETABLE CROPS, AND GENETICS 
UNIVERSITY OF CALIFORNIA, BERKELEY AND DAVIS 


Communicated by R. E. Clausen, May 14, 1956 


With an appropriate genetic makeup, the fruit of the tomato, L. esculentum, 


is capable of synthesizing substantial amounts of carotenoid pigments. The 
common red-fruited varieties may contain 70-150 ug. of all-trans lycopene per 
Beta-orange types, first obtained by Lincoln and Porter,! 


gram of fresh fruit. 
A single gene difference be- 


contain comparable concentrations of 6-carotene. 
tween the two at the B locus determines orange versus red phenotypes. The pres- 
ent study is an outcome of the discovery by O. Brauer and C. M. Rick—made in- 
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dependently also by Dr. A. E. Thompson, of the University of [linois?—of a mu- 
tant, “ghost,” an albino with an unstable chlorophyll deficiency which appeared 
spontaneously in tomato lines having normal red fruit. Ghost is the manifestation 
of a single completely recessive gene gh, and the inheritance is not complicated by 
cytoplasmic factors or low viability. 

Ghost seedlings start their development with green cotyledons but rapidly lose 
chlorophyll in subsequent growth. Most tissue above the first true leaf is entirely 
white, except for purple zones due to anthocyanin. The grafting of normal scions 
on ghost stock frequently induces emergence of shoots with some green tissue from 
the gh stock. Such grafted plants and rare ungrafted seedlings can flower and set 
fruit. 

The fruit is somewhat subnormal in size and milky white in color until maturity, 
when the skin develops the noncarotenoid alkali-soluble yellow pigment typical of 
the parent line and of normal tomatoes. Occasional immature fruits show faint 
green streaks or blotches. These areas will ultimately turn red. In such cases 
the mucilage surrounding the seeds may be green. 

We have found high concentrations of phytoene in mature fruit of ghost, 160- 
220 ug/gm, levels comparable with those of lycopene in the red, or of B-carotene in 
the beta-orange, phenotypes. However, the effect of gh gh is radically different 
from that of other gene pairs examined (e.g., tangerine, ff, yellow, rr, etc.) because 
the development of chlorophyll is also inhibited. 

Before the significance of phytoene accumulation in ghost can be assessed, its 
occurrence in fruit of our current lines had to be established. We have therefore 
made a detailed analysis of fruit from nine available genotypes at three stages of 
maturity, to determine whether phytoene accumulates. The leaves of the nine 
plants were also examined for carotenoid differences, and we report also on ghost 
and its hybrid with red, namely, the heterozygote gh* gh. 


EXPERIMENTAL 
1. Fruit. Samples from nine different green-leaved genotypes and ghost were 
collected and analyzed at different stages of ripening (green, green-ripe, and ripe) 
for phytoene and 6-carotene. Extractions were made as previously described,’ 
the sample being blended with acetone and the carotenoid taken up in petroleum 


ether. Impurities were found in the acetone which were transferred to petroleum 


ether and which had measurable absorption ca. 260 mu. The use of methanol is 
therefore to be preferred. With care, however, the effect of the impurity may be 
minimized by chromatography on a column of MgQ-SiQ,.. The bulk of the impu- 
rity is eluted immediately preceding the phytoene. The uncertainty is greatest 
where the phytoene content is least. 

2. Leaf Material.—Leaf samples were collected somewhat late in the season, 
and, although only healthy tissue was selected, one cannot be certain that the 
samples were strictly comparable. Samples 2-5 gm. in size were weighed, blended 
in methanol, and treated as before, except for a saponification step to remove the 
chlorophyll. 

3. Calculations.—The values of the absorption coefficients used for computing 
concentrations were as follows: for 8-carotene, 250 at 450 my, and for phytoene, 
85 at 285 mu,' in liters per gram, centimeter, in petroleum ether solution. In the 
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ease of two unidentified pigments (Table 1) the value arbitrarily selected for pig- 

ment I was 250 at 465 mu, and for pigment IT, 200 at 420 mu. Pigment I might be 
neurosporene, but pigment IT is not ¢-carotene. 
RESULTS 

In Figure 1 is shown the curve for optical density as a function of wave length, 

for a crude extract, in petroleum ether solution, of mature ghost fruit. The same 

extract was used for both visible and ultraviolet portions of the curve, although for 

the latter a 1:10 dilution was necessary, correction for which has been made in 

the plot. 
T T T T T rh : 
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yellow, apricot,? and the 
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yellow, apricot, and tange- 
rine all show restriction of 
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grees. Thus’ yellow _ re- 


Lycopene 











0.1 a , 
520 280 stricts the total amount 


din Mp formed and virtually elimi- 
nates lycopene. 

The phytoene concentra- 
tions for the ripe fruit for 
types 3-9 in Table 2 are all low and show no major changes during maturation. 
Whatever the biochemical block which prevented the customary accumulation of 
colored carotenoid in these types, it did not cause accumulation of phytoene. 
Apart from the ghost, the highest. phytoene concentrations are to be found in the 
red and tangerine types, both of which normally accumulate members of the 
lycopene set. Furthermore, colored carotenoid and phytoene are formed con- 
currently, the color change from green-ripe to ripe coinciding with the increase 
in phytoene. 

The 8-carotene content of the green fruit (Table 3) showed little variation 
(1.50-3.02 yg/gm), except for that of the beta-orange type, which had 5.50 yug/ 
gm. As the fruit ripened, variation became progressively greater; the 8-carotene 


Fic. 1.—Absorption spectrum of crude extract, in petro- 
leum ether solution, of mature ghost fruit. 
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virtually disappeared from both yellow-apricot and yellow-tangerine-apricot, while 
it increased most in the beta-orange type. 


TABLE | 
CAROTENOIDS OF GHost AND HETEROZYGOTE (uG/GM) 


Ghost Heterozygote Ghost Heterozygote 
gh gh gh* gh gh gh gh* gh 
Lycopene 1.5 102 Pigment, II max. 420 3.2 
B-carotene 10.9 Phytofluene 6.3,6.1 
Pigment I max. 468 0.8 Phytoene 187, 208 


TABLE 2 
PHYTOENE CONTENT OF DIFFERENT Tyres AT THREE 
Sraces or Maturity (uG/Gn) 
CGreen- 
Green ripe 
$4.9 8 
0,10.2 15.2 


« 


Red 

Tangerine 

Beta-orange 

Yellow 

Apricot 
Yellow-tangerine 
Yellow-apricot 
Tangerine-apricot 
Yellow-tangerine-apricot 
Ghost 


pote 


KON + DNS! 


5 

5 
99.9 Ke 

3 


noo 


oS 


Wo NO de OO ST 


) 

) 

3 9.5 (max. ) 
164, 210, 189 


* Concentrations in red lines may vary considerably. In a winter-ripened fruit, con- 
centrations of lycopene and phytoene were 50 and 6.5 wg/gm, respectively. 
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TABLE 3 
B-CAROTENE CONTENTS OF Types AT THREE STAGES 
or Marurity (uG/Gn) 


Crreen- 

Green 
Red 4 4 
Tangerine 39 2 
Beta-orange 5.50 
Yellow 84 
Apricot 68 : 
Yellow-tangerine 96 j 0! 
Yellow-apricot 3.02 3 0.- 
Tangerine-apricot 72 : 0 
Yellow-tangerine-apricot 50 0.43 0.: 


* Many analyses are available for the ripe fruit, and the range of values is indicated in this column. 


The total leaf carotenoid for the nine green-leaved types varied from 65 to 124 
ug per gram of leaf tissue. In all cases 8-carotene comprised ca. 35 per cent of the 
total. This variation is due to unavoidable differences in the proportion of vascu- 
lar tissue in the samples. The carotenoid spectra for all nine extracts were super- 
imposable between 500 and 400 my. Slight differences were noticeable at 370 
and 285 mu, but the presence of phytoene could not be unequivocally established. 
The ghost leaves contained significant quantities of phytoene (51 ug /gm). 


DISCUSSION 


In the ripening of the normally pigmented tomato fruit, chlorophyll disappears 
and carotenoid is formed. Green fruit. (Table 3) is presumably capable of photo- 
synthesis, and no significant, difference is observed between the types in pigmenta- 
tion or in phytoene content (Table 2). In two of the nine cases there is an aceumu- 
lation of phytoene which coincides with ripening. 
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The effects of genes hitherto studied in the tomato, namely, r, ¢, at, and B, ap- 
parently have not interfered in any way with leaf pigmentation or with that of the 
immature fruit. The effect of the ghost gene, on the other hand, is drastic. When 
homozygous, it inhibits chlorophyll and carotenoid syntheses and causes phytoene 
to accumulate. If phytoene is considered as a precursor to lycopene, then yellow 
(rr) or apricot (atat), which do not interfere with chlorophyll but which do restrict 
lycopene, should cause accumulation of phytoene. This is not borne out by the 
analyses. Lycopene formation in red and tangerine types coincides with appre- 
ciable phytoene formation, and lack of one is paralleled by lack of the other in all 
other lines except ghost. Formation of 8-carotene in the beta-orange type is not 
accompanied by significant amounts of phytoene. Thus it is hard to reconcile the 
single gene difference between ghost (gh) and red (gh*) with a biochemical pathway 
involving dehydrogenation of phytoene to lycopene, and even harder between red 
(B+) and orange (B) to visualize lycopene as a precursor of 8-carotene. At this 
juncture, no scheme is entirely free from objection. We hope clarification may be 
possible by introduction of the gene pair gh gh into the types currently under 
examination. 

Two single gene differences at the B and gh loci® determine the beta-orange 
versus red and ghost phenotypes. We may consider the possibility of independent 
mutations at two loci, B to B+ and gh* to gh. This permits four phenotypes which 
differ genotypically and biochemically as shown in the accompanying table. The 

Phenotype Genotype Principal Carotenoid 
Beta-orange B B gh* gh* 8-carotene 
Red B* Bt gh* gh* All-trans lycopene 


Ghost B+ B* gh gh Phytoene 
Ghost? B B gh gh Unknown 


last-mentioned phenotype has yet to be isolated. The effect of ghost is almost 
certain to make it an albino, and it is not improbable that the fruit will also contain 
phytoene. 
SUMMARY 

The leaves and fruit of an albino mutant from a normal red-fruited tomato stock 
have been analyzed for carotenoid content. A phytoene concentration was found 
comparable to that of lycopene in normal red fruit. Analyses have been made 
for the phytoene contents of fruits of several genotypes. Difficulties in the way 


of accepting phytoene as a precursor in lycopene synthesis have been discussed. 
A grant from the National Science Foundation is gratefully acknowledged. 
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ON THE COBAR CONSTRUCTION 
By J. F. AbAms 
TRINITY COLLEGE, CAMBRIDGE, ENGLAND 
Communicated by Saunders Mac Lane, May 25, 1956 


1. Introduction.-P. J. Hilton' and the present author? have given means of 
computing H,(QK) when K is a (suitably restricted) CW-complex. This method 
leaves two things to be desired. First, it passes from A, which is a CW-complex, to 
A, which is a chain complex; and thus it cannot be iterated. Second, the boundary 
operator d in A is not explicitly given. 

In the present paper, I give an algebraic construction, which passes from one 
chain complex (with suitable extra structure) to another chain complex. This con- 
construction, since it is dual to the barr con- 


““ 993 


struction may be called the “cobar 
struction of Eilenberg and Mac Lane‘ (cf. also Cartan®). Each construction is 
analogous to a fibration with acyclic total space. The bar construction passes from 
a chain complex A, analogous to a fiber, to a chain complex B(A), analogous to a 
base-space. The cobar construction passes from a chain complex C, analogous to 
a base-space, to a chain complex F(C), analogous to a fiber. 

The cobar construction permits one to calculate the homology of loop-spaces. 
Since the boundary d in F(C) is explicitly given, it answers both the points made 
above. 

2. Definition of the Construction.—Let A be a tixed principal ideal domain of co- 
efficients. We shall make the following assumptions about C and A. 

1. (isa A-free graded chain complex, with Co = A, Ci = 0. 

Thus C has a natural augmentation. Further, C @ C is defined and is a A-free 
graded augmented chain complex, with the usual boundary. 

2. A: C—+C@Cisachain map. Wenow define A,, , to be the component of 
Aon C, @ Cy. 

3. ForreC,, Ao(z) = x @ 1, Ao, p(x) = 1 @ zx. 

4. Ais associative, in the sense that (if / is the identity map) (A ® J)A = UJ ® 
A)A. 

We may now define C = C/A = 7 C,,(C) =C€@C®...@ C (r factors) 

n 22 


and F(C) = A + >> (€)". The canonical isomorphism (C)’ @ (C)' > (C)'* in- 
r 2} 


duces a product u: F(C) @ F(C) > F(C). We grade F (C) by setting deg’ C, = 
p — 1 and making yu preserve degree. We give F(C) a boundary d’ by the 
formulas 


d’y = yd’, d®(c) = —de + (— L)? Ay, nipt (eae. 


2393 2 


It may easily be verified that (d’)? = 0. 

Algebraically, F(C) is a free associative algebra. We may therefore define a 
boundary d and contracting homotopy s for the “total space” F(C) @ C by the 
formulas R1, R2, D1, D2, given by Hilton and the author? (sec. 2). 

Structures such as C*® form a category. A map f: C — C’ is a A-linear function 
which preserves augmentation and grading and commutes with d and A. Sucha 
map f induces a map F(f): F(C) > F(C’) which commutes with d? and u. 


£09 
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3. Main Theorem.—Let B, b be a 1-connected space with base-point. Let C’S(B) 
be the simplicial singular chain complex of B. Let o”:' be the I-skeleton of o”; 
let CS'(B) be the subcomplex of CS(B) generated by maps f: o”, 0" '—~ B,b. Let 
C,(B) = CS,'(B) CS, "(b) (n > 0), CoB) = A. We obtain a chain complex C(B), 
with Cy = A, C, = 0. With the standard (Cech-Alexander) diagonal map A, it 
satisfies the axioms.’ Let Q(B) be the space of loops w, of variable length r, in B, 
based at b. 

TueoreM. There is a natural isomorphism 


H,(F(CB)) = Hy (QB).* 


It is easily proved (by the method of EKilenberg and Mac Lane,‘ p. 84) that in this 
theorem ((B) may be replaced by a smaller equivalent chain complex for purposes of 
computation. 

Proof: Let P(B) be the singular polytope of B.’ Let P'(B), P'(b) correspond to 
CS'(B), CS'(b). Define Q(B) = P'(B)/P'(b) by identifying P'(b) to a point p. 
Then Hs(QQB) = H,s(QB); I shall show how to apply the methods of Hilton and 
the author? to prove H4(F(CB)) = Hx(QQB). 

The method is based on the (essentially explicit) geometric construction of a map 
from /"~'! to L(o"). Let 7” be the standard n-cube, o” the standard n-simplex (with 
verticesv;). Let L;, ;(o") be the space of paths w in o”, of variable length r, with w(0) 
=p,,w(r) =v; LetdA,: "1", d,;: o”~!'—= o" be the standard injections of faces. 
Let fi: o' > o",1;: o"~' — o” be the standard injections of first and last faces, so 
that A; ,;f = ff; ® fl, for f: o" +> B. These maps induce L(f;): Lo, ;(o') > 
Lo. (o"), LU): Lo. no") @ L;, ,(o"); similarly for L(d,). There is a pairing 
Lo, fo") & Li. (o") > Lo, ,(o"). When such a pairing X XK Y — Z exists, and 
f: I? + X,q: I[¢— Y are maps, we write f.g: /?+¢— Z for the product map. 

We shall construct maps 6,: /"~!—> Lo, ,(0") to satisfy the following conditions. 

1. @(1°) = (w, r) € Lo. 1(o'), where r = 1 and w: [0, 1] ~ o' is given by w(x) 
= (1 — 2, 2). 

2. AAP = [L(f)0i) > (L101. 

3. 6,A,;' = L(d,)6,-1. 

The construction is by induction over n. For n = 1, 6; is defined by condition 1. 
Suppose 6, defined to satisfy conditions 1, 2, and 3 forr <n. Then conditions 2 and 
3 define 6, consistently on J"~!. Since Lo, ,(0”) is contractible, we may extend the 
definition of 6, over/"~'. 6, is thus defined for all n. 

By normalizing the paths to length 1, we may interpret 6, as a map @,': / X 
I"-'—+ o". In fact, 6,’: 1", 1" —> o”, o” has degree + 1." Thisis easily seen by in- 


duction over n, using the explicit form of the boundary 6,’ J". 

If f: o"— Bisa map, and oy" is the corresponding cell in P(B), let ce: o" > P(B) 
be the characteristic map for ¢/": Let g: P'(B) ~ Q(B) be the identification map. 
The composite L(qc,)6,: ["~!'—> QQB maps certain points to paths stationary at p, 
but not of zero length. We shall deform these paths to the path | of zero length at p. 


Formally, for each map f: o”", 0” '— B, b we shall construct a homotopy x,(f): /”~' 


— 2QB to satisfy the following conditions. 
4. x0(f) = Lqez)On. 
5. xlfyl"—! © Q(gero")). 
6. If f(o") = b, then xi(f)("—') = 1. 
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7 xANaA® = xA(ffid.xd fli). 

8. x Pari! = x(fdi). 

The construction is by induction over n. Suppose x,(f) defined to satisfy con- 
ditions 4-8 for f: 0, 0” '+ B, b with r <n (this assumption being vacuous if n = 1). 
Consider f; 0", 0” '— B,b. Possibly f(o”) = 6; in this case, x,(f) is consistently 
defined on J XK /"~! u J XK J"~' and lies inQ(p). Since Q(p) is contractible, the 
definition may be extended over / X /"~'. Possibly f(¢”) # b. In this case, x,(f) is 
consistently defined on 0 X /"~! u J XI"~' and lies in Q(ge,(o")). Again, the defi- 
nition may be extended over / X /"~'. _ x,(f) is thus defined for all f. 

By normalizing the paths to length 1, we may interpret xi(f) asa map xi’(f): J X 
["~'—» QB. In fact, xi’(f): 1", I" > geo"), gee") is degenerate if f(o”) = b, and 
has degree + 1 if f(a") # b. 

Let CU(QQB) be the cubical chain complex of QQB (normalized, as in our paper?). 
We define a function g: (C(B))’ + CU(QQB) by setting ¢(f, @ fp @... @f,) = 
xi(fidsxi( fe)... . .xaf), and g: A +CU((QQB) by ¢(1) = 1. Thus we obtain a 
function g: F(CB) > CU(QQB). By construction, we have 


dgo(f) = (—1)*(xa (fr? — xi(f)Ai') 


(—1)'xi(fd;) + z, (—1) ‘xa ffiexi( fly) 


(for n > 3; for n = 2 it is zero) 
= o(—df + ‘s (—1)? Ay, n—pf) 


2sp 85 -2 


= gdFf. 


Moreover, both in F(CB) and CU (QQB) we have the product formula dy = ud. It 
follows that gis a chain map. 

Let L(QB) consist of paths w, of variable length r, in QB, with a(0) = p. We 
shall extend ¢ toa map from F(CB) @ CBtoCU(LQB). We shall satisfy the follow- 
ing conditions. 

9. dg = gd. 

10. ule @ ¢) = em. 

ll. g(l @ f) «CU,(L(qe;se")). 

12. If f(o") ¥ b, peg(1 @ f) is of degree +1 in Z,(qeso", geo"). 

The construction is by induction over n. Suppose ¢ so defined on the generators 
of dimension 7 <n; the assumption is vacuous forn = 2. Let f: o", 0" '— B, b be 
a map with f(o") # b. From xi(f), define u(f): 1 & J"~! + L(qeyse"), using the 
standard contraction of L(qeso"), so that du(f) — xal(f) « CU,rL(qee"). By the 
above, pxu(f) is of degree +1 in Z,,(qeso", geo"), and gd(1 ®@ f) — du(f) is a cyele in 
Z,-L qe"). L(qeye) is acyclic; thus gd(1 @ f) — du(f) = dv(f), with o(f) «CU »-: 
(L(qeyo")). We may set o(1 @ f) = u(f) + v(f), satisfying conditions 9, 11, and 12, 
and define ¢ on products by condition 10, so satisfying condition 9. 

The map ¢ is thus constructed. The remainder of the proof consists of an appeal 
to Moore’s theorem (see Cartan®> Exp. 3); this follows precisely the method given 
by us.2. The isomorphism of homology of the ‘‘bases” C(B), CU(QB) follows from 
condition 12. We thus reach the conclusion that 
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Hs(P(CB)) & Wy (QUB). 


I] shall omit the proof that ¢* is natural. 

'T am indebted to P. J. Hilton for comments on the present paper and also to H. Cartan, S. 
Mac Lane, W. 8. Massey, and J. C. Moore for their comments on and interest in the subject. 

2 J. F. Adams and P. J. Hilton, “On the Chain Algebra of a Loop Space,’’ Comm. Math. Helv. (to 
appear ), 

3 This name is due to H. Cartan, who has (independently ) considered the same construction. 

'S. Eilenberg and 8. Mac Lane, ‘On the Groups H(z, n). 1,” Ann. Math., 58, 55-106, 1953. 

°H. Cartan, Séminaire H. Cartan de l’Reole Normale Supérieure, 1954/55 . 

6 J. Cartier has called such structures ‘“coalgebras.”’ 

7] gather from W. S. Massey that the idea of dualizing the bar construction by using the cup- 
product instead of the Pontrjagin product is not new but has not previously been successful. 

8 By convention, I shall cease to insert brackets when they cease to add clarity. 

* J. B. Giever, “On the Equivalence of Two Singular Homology Theories,’’ Ann. Math., 51, 178 


191, 1950. 
” This assumes some conventions on orientation; I use the orientations of homology theory. 


I assume that the orientations (generators of Hn( £", E”)) of the cube and simplex are given by their 
identity maps in cubical and simplicial singular homology. I assume that a natural equivalence 
between cubical and simplicial singular homology is so set up that the map «(1 — 2, .2):/!'— a! 


has degree +1. 


A CLASS OF STATIONARY PROCESSES AND A CENTRAL LIMIT 
THEOREM 
By J. R. Buum anp Murray ROSENBLATT 
INDIANA UNIVERSITY 
Communicated by T. Y. Thomas, May 17, 1956 

tecently there has been increasing interest in stochastic processes and condi- 
tions for a central limit theorem. Such conditions have been given in a recent 
paper of one of the authors.' Unfortunately, the conditions are not accurately 
given, and we present them here for completeness. Let Xi, ... , - Ra; se Dee 
stochastic process (not necessarily stationary) with EX, = 0. Measurable sets 
A = A(ly,..., k,) defined by conditions on a finite number of random variables 


Xp...) Xen hi <he <2... <k,, are considered. The distance d(A, B) between 
1 = A(hy,...,k,), B = Bij, ..., jm) is the distance between the 


two such sets A = 
intervals [ky, k,| and [j1, jm]. 


three conditions: 


The process X, is assumed to satisfy the following 


P(A n B) — P(A) P(B)| < f(d(A, B)) (1) 


for any two sets A, B of the form given above, where f(n) | Oasn— © and f is 
a function on the non-negative integers; 


My ree Dilly i) 


asb — a— , where h(m) 7 © asm— o; and 


246 1+6/2 


6 
Bi, x; = O(h(b — a)) 
j=a 
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THeoreM |. Jf conditions (1)-(3) are satisfied, there is a sequence of numbers 
c, t © such = a NX; ¢, is asymptotically normally distributed. 


Such a remule nt some interest. However, in a specific context it is often diffi- 
cult to find out whether a condition like relation (1) is satisfied. 

Consider the stationary stochastic processes of the following form. Let 7 = 
(..., m1, m, m, ... ) be a doubly infinite sequence of independent, identically 
disteitvated random variables. Let 7’ be the translation operator defined by 


T, > eee Ss i ee P 


Let B be the Borel field generated by n, and let g = g(n) be a function defined 
on B for which E }|\g\?{ < ©. For any such function g we define a stationary 
process X, by 


X, =@(T"n), n= 


THeoreM 2. The spectral distribution function F(X) of a process | X,{ of the kind 
described above is absolutely continuous. 

It follows from Theorem 2 that if A is any square-integrable function defined on 
the probability space generated by Y = fm» Me Ry... oe ee 
the process defined by U,, = A(T"N), then | U,{ also has an absolutely continuous 
spectral distribution function. It would be of some interest to determine whether 
the converse of this proposition is also true. That is, if |_Y,{ is strictly stationary 
and if | X,}, and any process | l’,} obtained from | X,! in the manner indicated 
above, has an absolutely continuous spectral distribution function, does it follow 
that | Y,,| is of the form }g(7"n)|, where g is square integrable and » = ' 
no, m, --- ) 18 a doubly infinite sequence of independent, identically distributed 
random variables? 

Let |.X,,} be a process of the form given above. Let EX, = 0 for convenience. 
Set X,, 2 = Ej Xa| e211 Tnsk- iF k = 1,2,..., and set X,,,=0. Let 
Vin.e = Xu. tar — Xn., anda, yx’ = EL V,. eVais.e¢. We then have 

THEOREM 3. I[f 


for some a > 2, 


< @, and 


(6) 


A 
then (1/-YN) x X, is asymptotically normally distributed with mean zero and vari- 
=] 
ance 2xf(Q), alin f(A) ts the 8 density of the process , 1xX,3. 


Detailed proofs of Theorems 2 and 3 will appear in a forthcoming paper.* 


'M. Rosenblatt, “A Central Limit Theorem and a Strong Mixing Condition,’ these Pro- 
CEEDINGS, 42, 43-47, 1956. 

? Sponsored in part by the Office of Ordnance Research, United States Army, under Contract 
No. DA-33-008-OR D-965. 





MARKOFF PROCESSES AND POTENTIALS 
By G. A. Hunt 
CORNELL UNIVERSITY, ITHACA, NEW YORK 
Communicated by S. Bochner, May 11, 1956 


1. Introduction.—The relation of Brownian motion to potentials is well known. 
This note describes some results obtained for more general processes. 

Let P(r, r, ds) be stationary Markoff transition probabilities on a separable 
locally compact space R. It is assumed that for each probability measure uw on 
PR there is a Markoff process XY with the P(r, r, ds) as transition probabilities, with 
uw as initial distribution, with sample functions having only discontinuities of the 
first kind and continuous on the right, and with the extended Markoff property 
that is to say, roughly, Y(+ + 7) is also a Markoff process with the same transition 
probabilities whenever 7 is a positive random variable which depends only on the 
behavior of X(¢) for ¢ not exceeding 7. Such a process will be denoted by Y, when 
uw is concentrated at the point r. 

It follows from theorems of Blumenthal! and Kinney? that these conditions are 
satisfied if the transformations 1,, 

= S P(r, r, ds) f(s), 
leave invariant the Banach space C(?) of continuous functions vanishing at infinity 
and if A, converges strongly there to the identity transformation as 7 — 0. 

2. The Simple Theory.—In this section we fix the strictly positive number A 
and assume the following hypothesis. In the hypothesis, as well as later on, a 
measure always means a positive measure which is the sum of countably many 
bounded measures. 

(A) The measures € and ¢ stand in the relation 


(A) = Sp f(dr) fo” e~™ P(r, r, A) dr, 
There is a function p(t, r, 8) such that 
P(r,r, A) = Sg p(t, r, 8) € (ds), Ac R. 


For + fixed, p(r, r, s) 7s bounded in (r, 8) and belongs to C(R) as a function of r or of 


s; and 


lim inf Ss p(t, r, s)e(dr) = 


r—>0 


whenever A is a neighborhood of s. 
The right and the left potentials of a measure v are 


U(r) = S U(r, s)v(ds), "U(s) = S v(dr) U(r, 8), 
where the kernel is 


U(r, s) So” e—™ pl, r, 8) dr. 


For example, the constant | is the right potential of A¢ and the left potential of ¢. 
. +s : . . ° . r . 

Let S be a positive random variable which has the density function Ae“ for 

positive o and which is independent of all processes considered. Given a point r 


414 
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and an analytic set 2, take 7',—the time X, hits —to be the infimum of the strictly 
positive + for which Y,(7) belongs to (or © if there are no such 7) and define 
the measure /7,(r, dt) by the formula 


H,(r, A) = @{X,(T,) « A, T, < S}, AcR. 


There is a dual family of measures H«(s, dt) which satisfies the relation 
S U(r, DH els, dt) = S Helr, dt)U(t, s) 


forallrands. Both Heg(r, dt) and Ax(s, dt) are positive measures with total mass 
not exceeding | and with support in the closure of #. <A point r is right regular 
for E if T, vanishes with probability 1 or, equivalently, if He(r, dt) is the unit 
mass at r; a point s is left regular for EF if Hg(s, dt) is the unit mass at s. 

The left projection on EF of a measure y is the measure 


ve(A) = S Hels, A)v(ds), Ac R. 


Its right potential is characterized as being, except on a set of ¢ measure null, 
the infimum of the right potentials which majorize U” on E. 

The restricted left projection of v on E is v’ + v", where v’ 
to F and v” is the left projection of y — v’ on FE. Its right potential is characterized 
as being everywhere the supremum of U™ as u ranges over the measures on E whose 


is the restriction of v 


potentials are majorized by LU”. 
The restricted and unrestricted left projections of \¢ on F are the same measure 
The right potential of « is the function 


&(k, r) = tT, < St, 


the probability of hitting & by time S starting from r. It is the supremum of 
U* as uw ranges over the measures on E whose right potentials are bounded by 1, 
and it is the infimum of U* (except on a set of ¢ measure null) as uw ranges over the 
measures on FR whose right potentials exceed 1 on FE. The set F can be approxi- 
mated from within by compact sets F so that (Ff, r) increases to ®(F, r), every- 
where or from without by open sets G so that #(G, r) decreases to &(E, r) except on 
a set of ¢ measure null. The function #(£, r) and the measure x are the right 
capacitary potential and measure of E. The total mass of x, the capacity of E, is 
the supremum of the mass of the measures on FE whose right potentials are bounded 
by 1. 

The restricted and unrestricted right projections of a measure are defined simi- 
larly, and their left potentials are characterized in the same way. The two right 
projections of € on E are the same measure &, the left capacttary measure of E; 
its left potential has extremal properties like those of @(F, r). The measures x 
and « turn out to have the same mass, so that it is not necessary to distinguish 
between right and left capacities. 

The capacity of EF vanishes if and only if ®(£, r) vanishes identically, that is to 
say, if no process X, hits E with strictly positive probability. 

Let M be the class of measures whose left projections on compact sets are 
bounded. A measure » in M is also characterized by the property that U” is 
integrable with respect to § over every compact set, or by the property that 


<k,uv>=JS Sk (U(r, 8)v(ds) 
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is finite whenever « is the left capacitary measure of a compact set. If vis such a 
measure, it is determined by its right potential and with probability | the function 
(*(X,(r)) is continuous on the right in 7 and finite for 7 strietly positive. 

A positive function @ is right excessive if for all r 


¢(r) = S e-P(r, r, ds)o(s) 


increases to @(7) as 7 decreases to 0. Such a function is a right potential if it is 
majorized by the potential of a measure in JM. 
The class .V is defined in like manner, and a positive function y is said to be 


left excessive if 
¥,(s) = S Y(rje ‘"y(r, r, s)¢(dr) 


increases to ¥(s) as 7 decreases. Such a function is a left potential if it is majorized 
by the potential of a measure in M. 

One can introduce the notion of capacity relative to a measure a in M and a 
measure & in M, the capacity of an open set G being taken as the supremum. of 
<@, vy > as v ranges over the measures on G whose right potentials are majorized 
by that of @ or, equivalently, as the supremum of <y, @> as u ranges over the 
measures on G whose left potentials are majorized by that of & In extending 
the notion to more general sets, one must distinguish an inner and an outer ca- 
pacity, corresponding to restricted and unrestricted projections. 

The assumption of probability densities in hypothesis (A) is unnecessarily strong. 
It is enough to suppose that, for every continuous function y on 0 < 7 < © with 
compact support, there is a function p,(r, s), with the same properties of regularity 
as p(r, r,s), such that 


So” v(r)P(r, 7, A) dr = S, p,(r, s)&(ds) 


for allr and A. The preceding results hold if the kernel U(r, s) is taken to be the 
Ar 


supremum of p,(r, 8) as y ranges over the positive functions bounded by e 
3. Regular Points.—Under hypothesis (A) alone it is not possible to prove the 
following assertion: 


(B). If F is compact and has strictly positive capacity, then some point is right reg- 
ular for F. 
It can be shown, however, that (B) is equivalent to each of the following state- 


ments: 


(i) All points of an analytic set /, except those in a set of capacity null, are 
both right and left regular for FE. 

(ii) If v belongs to WM, then with probability 1 the function U'’(Y,(7)) is con- 
tinuous on the left in t wherever X,(7) is left continuous. 

(ili) If vy is a measure on F£ which vanishes on every set of capacity null, then 
U”” is determined by its restriction to #, and 

U(r) = S” Helr, dt)U(b), reR. 

Moreover, an inequality U” < U* holds everywhere if it holds on E. 

(iv) If v belongs to M, there is an open set G of arbitrarily small capacity such 
that the restriction of U” to R — G is continuous. 
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(vy) Let vy be a measure on the compact set 2 Then 0 is continuous if its 
restriction to / is continuous. 

The last three statements may be replaced by their duals. The very last 
statement can be proved just as for Newtonian potentials, if some simple (but 
artificial) conditions are imposed on the kernel. Statement (B) is surely verified 
if U(r, s) is always finite and never exceeds U(s, s) or if p(7, r, s) is symmetric in 
rand s. In the latter event, the kernel is positive definite and the notion of pro- 
jection coincides with the one defined by an inner product. 

t. An Invariant Measure.—In this section we assume in addition to hypothesis 
(A) that ¢ is invariant under the transition probabilities: 


(C) ((A) = S e(dr)P(r, r, A), AcR. 


It follows that ¢ is A¢ and that the measures p(r, r, s)¢(dr) are also Markoff transi- 
tion probabilities. If X, is the corresponding process starting from s and if 7’, is 
the time it hits /, then the left capacitary potential of / is just the probability that 


7, is less than S, and the measure H ¢(s, dt) has the interpretation 
H,(s, A) = @}X,(T,) € A, T; < S}, AcR 
A relative theory can be developed under the present hypotheses. Let D be 
an analytic set, f a positive function, Y a positive random variable which has the 
density function e ” for positive o and which is independent of all processes con- 
sidered. To each process X, assign as terminal time S,, the infimum of those 


strictly positive 7 for which either X(7) belongs to D or 


ag I(X,(e))do 2 Y. 


A terminal time S, is assigned to each process X, in like manner. If D is empty 
and f the constant A, one obtains the terminal time S of Section 2. 
The transition probabilities relative to the S,, 


Q(r,r, A) = O} Xr) € A, S, = cH, 
can be represented in the form 
Q(r, 7, A) = Sis q(t, r, s)&(ds), 
where g(r, 7, 8) is well defined in all arguments and is upper semicontinuous in r 
and ins. It turns out that q(7, r, s) coincides with g(7, s, r), the corresponding 
function defined by the S, and _X,. 
The kernel for potentials is now defined as 
Vir, e) = Fe g(r, r, 8) dr, 
and the place of the measure Hx(r, dt) is taken by 
Kz(r, A) = 0} X,(T,) € A, T, < S,}, Ac R, 
where 7’, is again the time X, hits the set /, the dual measures being defined 
similarly and satisfying a relation like the one in Section 2. Projections of a 
measure on a set are defined as before. 
Under the assumption that f is bounded away from 0, the results of Section 2 
carry over in one form or another; but there is enough complication in detail to 
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preclude my stating them here. [shall discuss what becomes of the capacitary 
potential in order to give some idea of the discrepancies. 

Let O be the set of points r for which S, is strictly positive with probability 1. 
The kernel V(r, s) vanishes unless r belongs to O and s to the dual set O, so that 
0 is the proper domain of definition for right potentials and O the proper carrier 
of the corresponding measures, the roles being exchanged for left potentials. It is 
necessary to consider also the sets Oa and Oa for a less than 1; here Oa, for example, 
is the set of points for which @}.S, < Z{ does not exceed a, with Z a random variable 
having the same distribution as Y and independent of S,. 

The two functions 


&(E,r) = OT, <S,}, ¥(E,r) = OT, s 


where 7’, is the time X, hits the set /, generalize in different ways the right capaci- 
tary potential of Section 2. Replacing / by its intersection with O or O does not 
change the right projective potential (EF, r). If EF is included in O, then, except 
on a set of ¢ measure null, (4, r) is the infimum of the right excessive functions 
(defined in terms of the Q(7, r, ds) now) which exceed 1 on £. If £ is included in 
some Oa, then &(/, r) is the right potential of a measure, the right projective measure 
of E, which can be obtained by projecting. The projective capacity of E is the 
supremum of f° #(dr)®(E, r) as # ranges over the left projective measures of 
compact subsets of the Oa; it coincides with the quantity defined dually and with 
the mass of a left or right projective measure of F) if one exists. 

The right capacitary potential ¥(E, r) does not behave so well; indeed, it is 
intimately related to potentials only when £ is included in O. If this is true and 
if every point which is right regular for / belongs to £, then ¥(4, r) is the supremum 
of V’ as vy ranges over the measures on / whose right potentials are bounded by 1. 
If # is included in some Oa, then ¥(£, r) is the right potential of a measure, the 
right capacitary measure of EF, which is concentrated on the closure of / but which 
cannot generally be obtained by projecting. Right and left full capacities are 
defined in the same manner as the projective; they need not be the same, but the 
right full capacity, say, is the mass of the right capacitary measure when the latter 
exists. 

The assumption that f be bounded away from 0 may be replaced by the assump- 


tion that 
Sv V(r, s)e(ds), Sy t(dr) V(r, 8) 


are bounded in r and s whenever F is a compact set. This is true, for example, 
if the transition probabilities are ergodic and D has strictly positive capacity in 
the sense of Section 2. 

Many of the complications of the relative theory disappear when statement (B) 
is assumed, for then O and O differ only by a set of capacity null, and the nice 
distinction between projective and capacitary potentials disappears for subsets 
of O. 


'R. Blumenthal, doctoral thesis, Cornell University, 1956. 
2 J. Kinney, Trans. Am. Math. Soc., 74, 280-302, 1953. 





ABSTRACT HOMOTOPY. III 
By Dantet M. Kan 


WEIZMANN INSTITUTE OF SCIENCE, REHOVOTH, ISRAEL, AND COLUMBIA UNIVERSITY, 
NEW YORK, NEW YORK 


Communicated by P. A. Smith, April 6, 1956 


1. Introduction._In an earlier note! it was indicated how a homotopy theory 
may be developed for cubical complexes satisfying a certain extension axiom. In 
the same manner a homotopy theory may be developed for all ¢.s.s. complexes? 
which satisfy the following simplicial version of the extension axiom: A ¢.s.s. 
complex K is said to satisfy the extension axiom if for every pair of integers (k, n) 
withO < k < n and for every n (n — 1)-simplices oo, ..., OK 1, rut, ---, On EK 
such that a; = oj fori <jandi # k # J, there exists an n-simplex a € K such 
that oe’ = 0; fori =0,...,k, ...,n. Let $ denote the category of ¢.s.s. complexes, 
and let S¢ be its full subeategory generated by the c.s.s. complexes which satisfy 
the extension axiom. 

It is the purpose of this note to indicate how the homotopy theory on the category 
Sx mentioned above may be extended to a homotopy theory on the whole category 
S. This is done by defining a functor? Ex”: $ — Sg. All homotopy notions de- 
fined on the category S¢ then apply by composition with the functor Ex” also to 
the category §. 

Our main tool will be what we call the extension Ex K of a c¢.s.s. complex K, 
which is in a certain sense the dual of the (barycentric) subdivision of K. 

2. The Standard Simplices and Their Subdivision.—We shall use the notation 
of Eilenberg-Zilber,? except that the standard n-simplex in the category § will be 
denoted by A, instead of by A[n]|. For each integer n 2 0, we define a c.s.s. 
complex A,’ (the subdivision of A,) and a c.s.s. map d,: A,’ — A, as follows. A 
q-simplex of A,’ is a sequence (oo, ..., ¢,), Where oa; is a nondegenerate simplex of 
A, and og; lies on? ¢,,: for all7. For each map 8: |p| — {q]|, we define 


(a9, ..., G)B = (og:0), » Fa(p))- 


Let (09, ..., ¢) € A,’. Then d,(oo, ., o,) is the g-simplex of A,, i.e., the map 


\q| — [n]| determined by 
(d,(o0, ..., %))t = o,(dim a;) forO0 Si < ¥q. 
For each map a: [m|— [n], we define ¢.s.s. maps A,: A,,— A, and A,’: A,’ > 
A,’ as follows. For each o ¢€ A,,, Ago is the composite map ac. The map A,’ is 


the map induced by A, (the subdivision of A,). 
2.1. For each map a: |m|—> |n|, commutativity holds in the following diagram: 


Au 
a a 
| 


d 
m r 


3. The Extension. Yor a ¢.s.s. complex K, its extension is the ¢.s.s. complex 
Ix A defined as follows. An n-simplex of Ex A is ac.s.s. map o: A,’— AK. For 
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ach map a: |[m| — [n], oa is the composite map oA,’. Similarly, for a e.s.s. 
map f: K > L, ac.s.s. map Ex f: Ex K — Ex L is defined by (Ex f)o = fo for 
aoeK. Thus the resulting functor Ex: $ ~ Sis covariant. By Ex" we shall mean 
the functor Ex applied n times. 

Let AK eS. For each n-simplex o € A, let ¢,: A, ~ AK denote the e.s.s. map 
defined by ¢g,@ = oa for each a ¢ A,. We then define a monomorphism (i.e., 
isomorphism into) ex: K —~ Ex K by qo = ¢,d, for oe K, dim o¢ = n. Clearly 
éx is natural, i.e., (Ex fjex, = ep, _f for every ¢.s.s. map f: K+ L. We shall denote 
by ex” the composite monomorphism ex,”": AK —~ Ex” Kk. 

The functor Ex S$ — § has the following properties. 

3.1. The functor Ex: 8 — 8 maps homotopic maps into homotopic maps. 

3.2. The map ex: K — Ex K induces isomorphisms of the homology groups, 
1.e., xx: Hs(K) ~ Hy(Ex K). 

3.3. If K €Se, then Ex K € Sp and ex: K — Ex K is a homotopy equivalence. 

3.4. For eery pair of integers (k,n) withO £ k <n and for every n (n — 1)- 
simplices oo, ..., FA, Th41, ---, On € EX K such that o,¢~' = oe! fori <j andi # 
hk # j, there exists an n-simplex p ¢€ Ex? K such that pé’ = eg, x7! fori = 0. ..., 
err 

A e.s.s. map f: K — L is called a fiber map if for each pair of integers (4, n) 
with 0 < k < n, for every n (n — 1)-simplices oo, ..., 0%, Or41, .--, Oo» € K such 
that oe"! = oe fori <j andi # k # J, and for every n-simplex 7 ¢ L such that 
re! = fo, fori = 0, Rk, ...,n, there exists an n-simplex o € K such that fo = 7 
and oe! = o; fori = 0, ...,&, ..., n. The fiber of f over a 0-simplex ¢ ¢ L is the 
counterimage of ¢ and its degeneracies. It is denoted by F(f, ¢). We now may 
state one more property of the functor Ex. 

3.5. If f: K —~ Lisa fiber map and ¢ is a 0-simplex of L, then Ex f: Ex K > 
Ex L is a fiber map and Ex F(f, ¢) = F(EX f, erg). 
4. The Functor Ex” .— Consider the sequence 


“Ex 


. K , , 7 A = © . 
kK—— Ex K——— Ex? K——-. 


Let Ex” K be the direct limit of this sequence, and let Ex* denote the resulting 
covariant functor. Similarly, let e,°: AK — Ex* K denote the (natural) limit 
monomorphism. The following properties of the functor Ex” then follow from 
properties 3.1-3.5. 

4.1. The functor Ex” maps homotopic maps into homotopic maps. 

1.2. The map ex”: K — Ex” K induces isomorphisms of the homology groups, 
t.e., exe : Hy(K) ~ Hy(Ex” K). 

1.3. Ex” K €S» forall K €8, i.e., Ex” isa functor Ex..: 8 > Sp. 

1.4. If K € Se, then ex”: K — Ex” K is a homotopy equivalence. 

£5. If f: K — Lisa fiber map and ¢ is a 0-simplex of L, then Ex” f: Ex” K > 
Ex” L is a fiber map and Ex” F(f, ¢) = F(Ex® f, e,*¢). 

Combination of the naturality of e” with property 4.4 yields the result that on 
the category Sg the homotopy notions induced by the functor Ex” coineide with 
the original ones, i.e., the homotopy theory on the whole category S$ induced by 
the functor Ex” is an extension of the original homotopy theory on the category 
SE. 





Vou, 42, 1956 MATHEMATICS: D. M. KAN 421 


». Geometrical Realization. By the geometrical realization |K) of a e.s.s. 
complex A we mean the CW-complex of which the n-cells are in one-to-one corre- 
spondence with the nondegenerate n-simplices of K. For a e.s.s. map f: K —~ L, 
let (fi: |K) —~ |L) denote the induced continuous map. Let S be the functor 
which assigns to every topological space Y its simplicial singular complex SX. 
We now want to compare the complexes Ex” K and S| K}. 

5.1. Siew): S| K) + S| Ex K) is a homotopy equivalence for all K «8. 

Let jK: K —~ S|K denote the natural monomorphism defined by (jK)¢ = 

c,| for ae K. Then! 


o 
5.2. If K €Sp, then JK: K > S| K) is a homotopy equivalence. 


Now consider the diagram 
, °K . , "rx K ” ae , , « y 
K — Ex K : 9Ex? K —— ; —— Ex” K 
' ! | 


iK |; ExK jEx?K — jEx® K 


Sie S\@Ex & 


‘ ki ¥ + ‘ 
S| K| ——S| Ex K| ——-S| Ex? K| —— ——-§| Ex® K 

Then properties 4.3 and 5.2 imply that 7 Ex” K is a homotopy equivalence, and it 
follows from property 5.1 that S| ex” is also a homotopy equivalence. Thus we 
have, for each K € 8, 

5.38. S| K) and Ex” K have the same homotopy type. 

6. Subdivision and Extension.It is possible to generalize the usual definition 
of the (barycentric) subdivision of simplicial complexes® to ¢.s.s. complexes. Let 
Sd K denote the subdivision of a ¢.s.s. complex A, and let dx: Sd K —~ K be the 
natural epimorphism (i.e., ¢.s.s. map onto) which for K = A, is the map d,: A,’ > 
A,. Write Sd” K for the n-fold subdivision of K, and let dx”: Sd" K —~ K denote 
the corresponding composite epimorphism. The duality between subdivision and 
extension then may be illustrated by the following lemma. 

6.1. Let K, LS. For every integer n > 0, there exists (in a natural way) a 
one-to-one correspondence between the c.s.s. maps Sd" K — L and the ¢.s.s. maps 
K — Ex” L. 

A «.s.s. complex A is called finite if it has a finite number of nondegenerate 
simplices. It now follows from property 5.3 that 

6.2. If K, L «Sand K is finite, then for every continuous map f: |K\ > | Li), 
there exists an integer n > 0 and ac.s.s. map g: K — Ex" L such that |g! ~ | ez"\f. 

Combining Lemma 6.2 with Lemma 6.1, we get the following version of the 
simplicial approximation theorem. 

6.3. If K, L «Sand K is finite, then for every continuous map f: |K| — | L| 
there exists an integer n > O and ac.s.s. maph: Sd" K — L such that |h| ~ f\dx"|. 


, 


'Cf. D. M. Kan, these ProceepINGs, 41, 1092-1096, 1955. 

Cf. 8. Eilenberg and J. A. Zilber, Ann. Math., 51, 499-513, 1950, and Am. J. Math., 75, 200- 
204, 1953. 

3 Another such functor was found by A. Heller. 

4 This result is due to J. Milnor. 

5 Cf. S. Lefschetz, Introduction to Topology, p. 112. 





L-SERIES OF A COVERING 
By Serce LANG 
DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 
Communicated by Deane Montgomery, March 29, 1956 


Let U be a topological space of a reasonable type, and let G = | 7} be a finite 
group of homeomorphisms of (’. Let V be the quotient space and 7: U > V 
the projection. Many theorems are known concerning the relations between the 
Betti numbers of U and V. In fact, in a recent issue of these PROCEEDINGS Conner! 
has proved the following result: If Uy is the set of fixed points of the transformation 
T in G, then the Euler characteristic of Vis equal to the average of the Euler 
characteristics of the Uy, taken over all 7 in G (including the identity). 

Here we shall show that the -series defined by Artin in algebraic number theory” 
can be transplanted to the topological situation and that the new L-series satisfy 
the same formalism as Artin’s. We reduce the proof of this formalism to topo- 
logical statements (Statements A and B) which are proved elsewhere by Conner 
in connection with his above-mentioned theorem. In order to recover Conner’s 
theorem, one needs another topological result (Statement C) due to him. Finally, 
we translate Statements A and B into statements concerning the representation 
of the Frobenius substitution in the arithmetic case over finite fields. 

Let F: U + U bea transformation of U into itself, and assume that F commutes 
with all 7 in G. Then F determines a transformation f: V—~ V by projection. 

We denote by H,(U’) the rth homology group of (. Since we do not consider 
torsion problems, we could assume that we have rational coefficients, but for con- 
venience we assume that we have an algebraically closed field of characteristic 
zero. 

F induces a linear transformation F,: H,(U)—~>H,(U). Let Pe(t) =I (t—a;"”) 
be the characteristic polynomial of F,. We define the zeta function (in dimen- 
sion r) associated with F to be the polynomial 


ZreO(t) = It (1 — a,b), 


for reasons motivated by arithmetic, and the full zeta function to be the alternating 
product: Z(t) = Il (Z'(t))(-)"*". Note that if F is the identity transformation, 
then its zeta function is (1 — ¢)#, where B,(U’) is the rth Betti number of U’, 
i.e., the dimension of /H,(U’). 

Taking our cue from the form given by Weil to the Artin L-series in the case of 
curves over a finite field,* we shall now give the definition of the L-series. First, 
we define a linear transformation of H,(U), as follows: Let x be a character of G. 
Let 7, be the transformation on H,(U’) induced by 7. Consider the following linear 
transformation of H,(U’): 


m 
Cy = x +X MOTs, 
N ; 


"€G 


where m, is the degree of x and N is the order of G. It is an immediate consequence 
of the orthogonality relations that e, is idempotent, i.e., e,? = e,. Since F com- 
mutes with each 7’, it follows that F, commutes with e,, and for any positive integer 
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uw we have (e, > F,)* = e,>¢F*. Consider the analytic function that takes the 


value | at ¢ = 0 and the logarithmic derivative of which is given by the series 


l x 
—— )i treo Ft, 
NM y=1 


U 


“c 


where “tr” denotes the trace of the representation on H,(U’). 


If PL? = II (t — B(x) 


is the characteristic polynomial of e, ° F,, then one sees immediately that 
the logarithmic derivative of the polynomial I1(1 — 8,'"(x)t) gives precisely the 
above series. Following classical terminology, we call this function an L-series 
and denote it by Le (t, x, UV). This is of course the r-dimensional part of the 
full L-series, which can be obtained by taking the alternating product. We now 
have the following properties: 

1. If x and y’ are two characters of G, then 


Le (t,x +x’, U/V) = Lert, x, U/V) Det, x’, U/V), 


so that the L-series are multiplicative. The proof is obvious. 
2. For the trivial covering ( = V and the identity character, the L-series is 
equal to the zeta function, i.e., 


Le Ct, 


The proof is again obvious. 
3. Let f be the transformation induced on V by projection. Letting | denote 
the identity character for G, we have 


Le(t, 1, U/V) = Z2,(), 


i.e., the L-series is the zeta function of the base space. This formula is an imme- 
diate consequence of the first of our topological statements, namely: 

Statement A: The characteristic polynomial of the transformation (1/N) xX 
(>> 7,)¢F, on H,(U) is equal to the characteristic polynomial of f, on H,(V). 

TeG 

In the special case where F is the identity transformation (this being precisely 
the case used in Conner’s theorem), Statement A takes on a particularly simple 
form, namely: 

Statement B: The number of times that the identity occurs in the representation 
of Gin H,(U) is equal to B,(V). 

1. Let H be a subgroup of G, and let yY be a character of H. Let W be the 
quotient space relative to H, and let x, be the induced character (or “transferred 
character,” as it is sometimes called). Then 


Le P(t, y, U/W) = Lert, xy, U/V). 


The proof here is formal and depends only on a trivial juggling of characters. 
Hence there is no need of reproducing it. 

5. Assume that #7 is normal in G, and let AK = G/H. Then we can consider 
WV as a covering with group K. Let y be a character of K. Then y extends to 
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a character x of G having the value of y on the cosets of H. Let ¢ be the trans- 
formation on W induced by projection of F on W. Then 


L(t ¥, W/V) = Let, x, U/V). 


The proof is again an immediate consequence of Statement A. 

The above properties exhaust Artin’s formalism. Consider the special case 
where F is the identity, 7 is the identity subgroup, and y is the identity in Prop- 
erty 4. Then the induced character x, is the character of the regular representa- 
tion, which we write xrg. It contains the identity character x, of @ exactly once. 


Let x2 = Xreg — x1. Using properties 2, 3, and 4, we get 
(1 — de® = (1 — t)?™ LO, xo, U/V). 


This gives an explicit relation between the Betti numbers of U and those of V, 
which can be reduced to computations in Abelian coverings by using Brauer’s 
theorem on induced characters.‘ 

We can recover Conner’s theorem as a special case of the previous statements by 
applying the Lefschetz fixed-point formula and one more topological statement: 

Statement C: Let Uy be the space of fixed points of 7. Let I'y be the graph of 
T. Then the Euler characteristic of Uy is equal to /(I'y*A), where A is the diagonal 
and J is the total intersection number of the two cycle classes of ['y and A. 

Suppose, finally, that we deal with a Galois covering of algebraic varieties 
defined over a finite field with qg elements. Consider the case r = 1. Let H,(U’) 
now denote the /-adic representation space of G arising from the Albanese variety 
A(U) of U. Its dimension B,(U’) is equal to 2g, where g is the irregularity of U 
(equal to dim A(U’)). We let F be the Frobenius transformation of U’, so that 
f is the Frobenius transformation of V. Then both Statements A and B make 
sense with the new interpretation and are easily verified after noting that 
(1/N) ¥° 7; essentially gives the projection from A(U) onto A(V). In addition, 

TG 

one can conjecture that the L-series obtained by the above representation should give 
exactly the contribution in the circle (f) < q~~" to the L-series defined in terms 
of the prime rational cycles of V in the obvious manner (i.e., following exactly 
Artin’s definition in number fields), provided, of course, that we multiply the 
characteristic roots by q"~! (where n = dim U = dim V). For the zeta function, 
this last statement has already been conjectured by Weil.® 


1P. Conner, ‘Concerning the Action of a Finite Group,” these ProcEEDINGs, 42, No. 6. 349, 
1956. 

2. Artin, “Zur Theorie der L-Reihen mit allgemeinen Gruppencharakteren,”’ Abhandl. Math. 
Sem. Hamburg Univ., pp. 229-306, 1930. 

3A. Weil, Sur les courbes algébriques et les variétés qui s’en deduisent (Paris: Hermann & Cie, 
1948), p. 81. 

*R. Brauer and J. Tate, “On the Characters of Finite Groups,’”’ Ann. Math., 62, No. 1, 1-7, 
1955. 

5$. Lang and A. Weil, ‘‘Number of Points of Varieties in Finite Fields,’ Am. /. Math., 76, 
No. 4, 819-827, 1954. 





A TOPOLOGICAL PROOF OF A THEOREM OF 
COMPLEX ANALYSIS 


By Rosertr L. PLUNKETT 
FLORIDA STATE UNIVERSITY 
Communicated by G. T. Whyburn, May 10, 1956 


In a lecture presented by G. T. Whyburn! at the 1955 Summer Institute on Set 
Theoretic Topology, attention was called to the lack of a purely topological proof 
of the fact that a mapping generated by an analytic function f of a complex variable 
can be a local homeomorphism at a point zo of the complex plane only if f’(zo) # 0. 
It is the purpose of this note to give such a proof of this fact. The notation of an 
varlier paper? will be employed, and the proof will constitute a variation of a proof 
contained in that article. No distinction in notation will be employed to distinguish 
the idea of a “function of a complex variable” from the idea of “the mapping gener- 
ated by a function of a complex variable.” 

THEOREM. Let f(z) be a function of the complex variable z, analytic in the region 
E of the complex plane, and suppose that f is a local homeomorphism at z ¢€ FE. Then 
f'(zo) #0. 

Proof: Suppose that f is a local homeomorphism at zo, but f’(zo) = 0. We shall 
employ Z and W to represent the original and the image planes, respectively. 

Let D be a region containing Zz) and contained in F such that f maps D topologi- 
cally onto f(D) ¢ W. Let A = R + C bea disk centered at z, with cireular bound- 
ary C and interior R and such that A ¢ D. Let &: [a, b| ~ C be a positive tra- 
versal of (.° Then, sinee f is a homeomorphism on A, ff is a traversal of the simple 
closed curve f(C) and wy = f(z) is a point interior to f(C). Consequently,’ 
ucl(f, Wo) = Marl fl, Wo) = +27. 

Define»: Z— W by the equations 


(2) = JS (f(z) — Wo) (2 — 2) if z 
ae if 


Then 7 is continuous on EF, since n(z) > f’(zo) = 0, as z 2, analytic on FE — 
tzol, and f(z) — wo = (z — 20) n(z) is an identity. Hence,‘ uc(f, wo) = uc(z, 20) + 
uc(n, 0). Since we(z, 20) = 277 for the positive traversal ¢, a contradiction to the 
above calculation of we(f, wo) can be obtained if uwe(n, 0) can be shown to be equal 
to k(2x7), where k is a positive integer. 

(Note: By the theory of functions of a complex variable, since lim (z — 2)n(z) 

z-> 2 
= lim (f(z) — wo) = 0, n(z) = (f(z) — wo) (2 — 2)~! has a removable singu- 

z—> 2 
larity at 2; i.e., n(z) can be extended over } 2} in one and only one way as analytic. 
That way is necessarily to define (zo) = 0. Consequently, the function we are 
discussing is analytic in 2. Now, since 0 €n(A) — n(C), we have (277) ~! we(n, 0) > 
0.°) 

To obtain this result using topological techniques, observe that 7 is nonconstant 
on D — {zo}, for, if it were constant there, the continuity at 29 would imply that 7 
was identically zero on D, and this, in turn, would imply that f was constantly 
equal to wy on D and thus not a homeomorphism. Since 7 is analytic on D — {20} 
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and nonconstant, it is light and open there. Further, zo is the only point of 7~'(0)D, 
for, if another point z mapped onto 0, then f(z) = wo, contradicting the one-to- 
one-ness of fon D. Hence 7 is light on D. Theorem 3.3 of another paper® proves 
that nis open on D. Therefore, n(2) is open, 7(2) — n(C) is open (and nonempty, 
since 0 € n(R) — n(C)), and each component of 7(2) — (C) is open. 

In particular, the component Q of n(R) — n(C) which contains 0 is open and 
therefore contains the interior 7’ of a square such that 0 ¢ 7. Now 7’ must con- 
tain a point q such that, for all z in n~'(q)-F, n’(z) # 0. (First, for each z « E+ 
n '(7T), n'(z) exists, since zo ¢n7~'(7'). Second, the image set of the set of all zeros 
of the derivative of an analytic function cannot contain the interior of a square.) 
Let 21,..., 2 denote the points of »~'(q)-R. (That this set is finite follows from 
the scattered inverse property {see an earlier paper?|.) Let Ci, ... , Cy be circles 
in R — }zot, centered at 2, ... , 2, respectively, disjoint from each other and with 
disjoint interiors, traversed positively, and small enough that uwej(n, g) = 2x7, for 
each j e}1,...,k}. Then, by the additivity of the circulation index, 


k 
uc(y, 0) = ucln, g) = >. Mojs(n, q) = k(271). 
j=1 


As pointed out before, this provides a contradiction to the preceding calculation 
of ue(f, 20) and thus a proof of the theorem. 

'G. T. Whyburn, “Set Theoretic Topology—Present and Future,’’ in Summary of Lectures and 
Seminars, Summer Institute on Set Theoretic Topology, ed. R. H. Bing (Madison, Wis., 1955), p. 6. 

2G. T. Whyburn, “Introductory Topological Analysis,’ in Lectures on Functions of a Complex 
Variable, ed. W. Kaplan et al. (Ann Arbor, Mich., 1955), pp. 1-14. 

3 Thid., p. 4. 

* Thid., p. 3. 

5 Thid., p. 5. 

6G. T. Whyburn, Open Mappings on Locally Compact Spaces (‘““Am. Math. Soc. Mem.,”’ No. | 
|New York, 1950]). 


DISTRIBUTION FUNCTIONS OF ADDITIVE 
ARITHMETIC FUNCTIONS* 
By Haroup N. SHAPIRO 
NEW YORK UNIVERSITY 
Communicated by R. Courant, April 26, 1956 


Erdos and Kac! proved that certain suitably normalized additive arithmetic 
functions have a Gaussian distribution function. More precisely, they consider 
additive functions, 1.€., 

f(mn) = f(m) + f(n), (m,n) = 1, 
which are strongly additive in that they also satisfy 
S(p*) = f(p) for all a > | and primes p. 


Then, setting 
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~ f(p) ~~ #7) 
seg ge ee 
p a a 


p E 
and letting A,,(w) equal the number of positive integers m <n such that 


f(m) — A, 


B, 


< a, 
the problem is that of ascertaining conditions under which we have 


lim 


where 
N(w) = (20) fe? du 


One then says briefly that (f(m) — A,)/B, 


is the standard Gaussian distribution. 
Erdos and Kac! prove this 


has this standard normal as its distribution function. 
result under the assumptions 


| a as (5) 


f(p) = OC). (6) 


The problem which we wish to consider is that of finding a condition which under 
the assumption of relations (1), (2), and (5) is equivalent to (f(m) — A,)/B, having 
the standard normal as its distribution function. Some progress in this direction 
has already been made by Halberstam.? The condition which is probably the cor- 
rect one is that, for any n > 0, 

i 0(B,,”) (7) 


p> 
? n Pp 


p)| >» Bi 
asn-— > ©. In this note it is proposed to establish the sufficiency of this condition 
and also to point out that there is no essential difference between the additive and 
strongly additive case. 
THEOREM A. Relations (1), (2), (5), and (7) imply relation (4). 
The method of proof used is simply an amplification of the method of Erdos and 


Kae. Introducing 


f(m) = > f(p), 


p/m 
p<r 
f(p) 
pb, 


S(p) ( ) ve 
1 — if (p, m) = p, 
B, : Pp p 


if (p,m) = 1, 


then g,, -(m) clearly has a distribution function G,, ,(w) which has exactly two jumps, 


pity ly : f(p) 
one of | — 1/pat — f(p)/pB, and one of 1/p at* _ 


(1 —1/p). Then 
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f,(m) — A, 
F RB 2 Jp, rn), 


p<r 
and a simple inductive calculation shows that this has a distribution function F,(w) 


given by the convolution of the G,, , for p <r, that is, 


, ’ Y y 
F, = Gees * (Fz rR e+e # (Fp,, rs 


where p, is the largest prime less than r. We then note that equation (7) is essen- 
tially Lindeberg’s condition for the validity of the central limit theorem, which in- 


sures that 
lim F,(w) = Iw) (8) 
Assertion (8) may be rewritten as 


: K,'” (w) 
lim lim = N(w), 


‘> on 


where K,,\"’(w) equals the number of m <n such that 


f(m) — A, " 
B, a 


The next step in the proof is to convert the iterated limit (9) into 


a CO 
lim = Jl(w), (10) 
n 


n— 


where a, = n*", for &(n) any function such that lim én) = 0 and lim 


ase en ek 
n*" = ©, This step is essentially a combinatorial one depending on the distribu- 
tion of the prime numbers and has nothing at all to do with the nature of the values 
of f(p). It is, in fact, precisely Lemma 5 of Erdos and Kac.'! It should, however, 
be noted that their Lemma 2 does not seem adequate for the application made of it 
for proving Lemma 5. One needs, rather, the following lemma which may be es- 
tablished by means of Brun’s method. 

Lemma. For each number x, let 9, denote a certain set of primes <x, and denote 


by N, the number of primes in 8,. If 


N, < x*, 


where, asx — ©, &x) > 0, and x” — @, then the number of integers <x which are 


not divisible by any of the primes of &, equals 


I 
x Il (: _ ) {1 + O(é(x))}, 
Pp 


, 
pew, 


where the 0 estimate is uniform. 

The last step of the proof is to show that equation (4) may be derived from equa- 
tion (10) if a suitable choice is made for &(n). It is at this point that condition (7) 
plays its second major role. Whereas it was precisely the right condition for ob- 
taining equation (8), it also allows us now to deduce equation (4) from equation 
(10), as follows. 
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From equation (7) we obtain a function n(n) > Oasn— © such that 


f?(p) ; z 
>. aM < n(n) Bi. 
Pp n Pp 
f(p)| > n(n)B, 


It then follows that 


| 
p> < n(n), 


S(p)| > n(n) By p 


so that the frequency of integers m <n divisible by any prime such that | f(p)| > 
n(n)B, is less than n(n). For the other integers m < n, that is, those divisible only 
by p< nsuch that | f(p)| < n(n)B,, we have 
: _ n(n) 
S(m) — fan(m)| < > 2 n(n)B, < ‘ Be: 
E(n) 


p/m 
an >pcan 


> I(p) 
ay pon <psn P 
S(p)| S n(n) Bn 


Pp) 


n(n) l 
= 0) B,) + 0 ( 
( ) n(n)B,, » > Pp 


E(n)j 
S(p)| > n(n) By 


Similarly, 
B,|B, — Ba,| < Be — B.. 
Pp) 
p 


pon 
S(p)| > n(wWB, 


) 
-0 ee B.) (13) 
E(n) 


Thus, if we choose &(n) = V n(n), we see from relations (11), (12) and (13) that 


so that 


(m) — A,.(m) f(m) — A, 
: +- o(1) 


B B, 


an 


Sem 
for integers m <n not divisible by primes p such that f(p) > n(m)B,. Since the 
other m < n have a frequency less than n(n), we get 
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K,,(w) K,,°"'(w + o(1)) 
- + o(1). (14) 
nN n 
Then relations (14), (10), and the continuity of N(w) vield relation (4), which com- 
pletes the proof. 
Given an additive function f(m), define its strongly additive contraction by 


fim) = ¥ fp). 


pom 


One can easily prove 
THEOREM B. Let f(m) be an additive arithmetic function and f(m) its strongly ad- 


ditive contraction, and define A,, B, as in equations (3). Then, assuming relation (5), 


if one of 


f(m) — A, f(m) — A, 


B, _ 


has a continuous distribution function F(w), the other also has F(w) as its distribution 
function. 

Combining Theorems A and B yields 

THEOREM CC. Relations (1), (5), and (7) imply relation (4). 

* This work was done under the sponsorship of the U.S. Office of Naval Research under Con- 
tract N6ori-201, T.O. No. 1. | Reproduction in whole or in part is permitted for any purpose of 
the United States Government. 

! P. Erdos and M. Kae, “The Gaussian Law of Errors in the Theory of Additive Number Theo- 
retic Functions,’ Am. J. Math., 62, 738-742, 1940. 

2H. Halberstam, “On the Distribution of Additive Number Theoretic Functions. IT,” /. Lon- 
don Math. Soc., 31, 1-14, 1956. 


THE REES-SUSCHKEWITSCH STRUCTURE THEOREM FOR 
COMPACT SIMPLE SEMIGROUPS 
By A. D. WALLACE 
DEPARTMENT OF MATHEMATICS, TULANE UNIVERSITY OF LOUISIANA 
Communicated by S. Lefschetz, May 2, 1956 


The structure theorem for completely simple semigroups was first proved by 
Suschkewitsch! in a special case and later by Rees? in the general case. Here a 
semigroup S is simple if S = SaS for each a eS. For our purpose it is enough to 
say that S is completely simple if also it contains both a minimal left and a minimal 
right ideal (see A. H. Clifford®). 

Our purpose is to outline a proof of the Rees-Suschkewitsch theorem when S is 
compact. The essential difficulty, of course, is that of selecting the various func- 
tions so that they are continuous. Our procedure is so formulated that if compact- 
ness is not available as a hypothesis, then it will suffice to check the continuity of 
the functions 7 and @ (defined below) in order to verify the continuity of all the other 
functions involved. 

Except as noted, we use the language and symbolism of an earlier paper,‘ and, in 





Vou. 42, 1956 MATHEMATICS; A. D. WALLACE 431 


particular, it is always assumed that S is Hausdorff. If / is the set of idempotents 
of S and if ee £, then /7, will denote the maximal subgroup of S which contains e. 


Let. H = v}H.,\e« E}, 


and note that H,, n H,, ~ O implies H,, = H,,. Ifwx e H, let n(x) be the unit of 
the group which contains x and let 6(2) be the inverse of x in this group. 

Lemma 1.° /f Sis compact, then H is closed and n and 6 are continuous. 

Let S’ be a subsemigroup of S, and let Y and Y be two Hausdorff spaces in which 
a multiplication is defined by xa’ = x’ for all x, 2’ « X and yy’ = yforally, y’ « Y. 
Let ¢: X K Y —S’ be a continuous function, and denote by [S’, XY, Y] the space 
S’ X X X ¥ with the multiplication (4,7, y)(t, 2’, y) = (te(a, yy’) Ua’, y). This 
multiplication is clearly continuous, and we speak of |S’, X, Y | as the Rees product. 

Lemma 2. /f a: Y ~ Sand B: X — S are continuous, tf B(x)a(y) € S’, and if 
we define eg: X KX YS’ by g(a, y) = B(x)aly) andy: [S’, X,Y] S by Wet, z, y) 
= a(y)tB(x), then y is a continuous homomorphism. 

Let £ be the set of all minimal left ideals of S, and let ® be the set of all minimal 
right ideals of S. We assume that £ ~ O # &. If K is the minimal ideal of S, 
then® 


U/L Le &} 
UIRIR eR} 
ulH,\e eEn K}. 


Define \: K — £ by “‘A(x) is the minimal left ideal of S containing x,” and define 
p: K > ® analogously. 

LemMa 3. | The functions \ and p are continuous open homomorphisms. 

Of course the multiplication in £ comes from the obvious set-wise multiplication 
IL. = Ly, and similarly for ®. 

Lemma 4. Let r: £ X RE On K be defined by “‘r(L, R) ts the unit of the maxi- 
mal subgroup L n R” (see Clifford*). The diagram 


T 





£&XR 
\ Xp 
K 
is analytic, and, if S is compact, then r is continuous. 

The proofs of Lemmas 1-4 rely mainly on set-theoretic topology. On the other 
hand, the proof of Lemma 5 is largely computational and is quite lengthy. 

Lemma 5. Assume.-that r and 6 are continuous, and let Lo ¢€ &, Ro € ®, and ey = 
t(Lo, Ro). Define a: R— E by a(R) = r(lo, R), B: L— E by BIL) = 7r(L, Ro), and 
g £L£XR-H,, by o(L, R) = B(L)-a(R). Then y: |[H,, £2, | — K, defined by 
v(t, L, R) = a(R)t B(L), maps |H,,, 2, R| topologically and isomorphically onto K. 

TuHeoreM. Let S be compact, let eo ¢ En K, and let £ and & be the spaces of minimal 
left and right ideals. The Rees product |H,,, &, ®| ts topologically isomorphic with K. 

We now give some applications. Let us note that if £ and ® are degenerate, then 


cardinal (E a K) = land K isa group. If cardinal (H,,) = 1 (e0¢ E a K), then 
cardinal (H,) = 1 foreache e E n K; if also cardinal (2) = 1, then K ¢ F,and K 
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has the multiplication yy’ = y foreaechy,y’ «KK. In this ease each element of AK is a 
right zero. 

Corouiary | (see Faucett®). Jf S ts a continuum and if K has a cutpoint, then 
each element of K is a left zero or each element of K ts a right zero. 

Proof: Ifeoe hk n K, then K is topologically H,, XK £ X ®&. But no Cartesian 
product of nondegenerate continua has a cutpoint, and no compact connected group 
has a cutpoint. Hence, say, 7,, and £ are degenerate, and the result follows from 
the preceding remarks. 

Corouuary 2.7 Let S be compact, and let P = }x\xS = S|} ¥ O. IfeneE a P, 
then P is topologically isomorphic with H,, X U, where U = E 1 P is the set of left 
units for S. 

Proof: This follows easily, since P is right simple, i.e., 7? = P for each x ¢ P. 

We say that S is a clan if it is compact and connected and hasaunit. As is well 
known, no n-sphere is the Cartesian product of nondegenerate spaces. 

Corouiary 3. Lf S ts a clan whose minimal ideal is topologically an n-sphere, 
thenn = Lor 3. 

Proof: Leteoe EL n K, so that two of the three sets H,,, 2, and ® have cardinal 
one. If £ and ® have cardinal one, then H/,, is an n-sphere, and, by a well-known 
result of &. Cartan, we have n = 1 or 3. If H,, is degenerate, then H"(S) @ 
H" (eoSeo)? and H,, = eoSeo, so that H"(S) = 0. But also? H"(S) @ H"(K), so that 
H"(k) = 0, contrary to the fact that A is an n-sphere. 

For suitable coefficient domains it is known how to construct the cohomology ring 
H(K) from the rings H(/7,,), H(2), and H(®). If S is a continuum with left unit, 
then H(S) @ H(K).? In certain cases we know that H(S) & H(H,,) ® H(g) © 
H(@&), and useful consequences may be adduced from this fact, particularly if the 
coefficient domain is the rational numbers or a finite field. 

Additional information concerning the structure of K can be obtained in case S 
is one of the simpler Euclidean forms. Suppose that S has the property that any 
map of S into a proper part of S has a fixed point. If e « , then the function 2 — 
exeisaretraction. If eSe = S, then S has a unit, and if S is a manifold, then S is a 
Lie group and K = S._ If eSe # S, then K # S, so that, if we take e « K, it follows 
that H, = je} and hence K ¢ E. It follows then that K is topologically isomor- 
phic with £ X ®, and the multiplication is given by (14, Ri)-(Le, Re) = (Le, Ri). 
The determination of K in this case overlaps with some recent results of P. E. Con- 
ner and Edwin Hewitt, as Professor Hewitt kindly informed me. 

Let us note finally that the measure-theoretic aspects of S are largely governed 
by the structure theorem. 


I am grateful to the National Science Foundation for supporting this work. 
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THE CHARACTERISTIC CLASSES OF AN ALGEBRAIC FIBER 
BUNDLE. I 


By G. WASHNITZER 
JOHNS HOPKINS UNIVERSITY 
Communicated by Oscar Zariski, December 13, 1955 


The aim of this note is to give a purely algebro-geometric definition of the 
characteristic classes of an algebraic fiber bundle with a vector space for fiber. 
The characteristic classes turn out to be rational equivalence classes on the base 
variety which is supposed to be free from multiple points and to admit a projective 
model—that is, the base variety is in biregular correspondence with a subvariety 
of some projective space. This last assumption is required solely because of 
current limitations of the theory of rational equivalence, which so far has been 
developed only on varieties which admit projective models. 

1. All varieties considered here are defined with reference to a fixed algebraically 
closed field Q, and they are equipped with the Zariski topology; the term ‘‘variety 
refers always to an irreducible variety, and a variety is supposed to be complete 
unless the contrary is explicitly asserted. 

Let V,, be a variety of dimension n which is free from multiple points (the as- 
sumption that V,, admits a projective model will be introduced in see. 2). Let 
B be an algebraic fiber bundle with V,, for base space, a vector space of dimension 
k(k > 1) over Q for tiber, the general linear group of order / over Q for structure 
group, and a regular rational transformation 2 of B onto V,, for bundle projection. 
B is an incomplete variety of dimension n + k which is free from multiple points. 
A bundle of this type is called a “vector bundle.”’ Select a covering of V, by open 
subsets ’, which supports a system of co-ordinate transformation for B. To each 
ordered pair of indices (a, 8) there is associated a square matrix M® of order k, 
whose coefficients are rational functions on V, which are regular at each point of 
the set theoretic intersection U, a Us , such that (1) the matrix product 
M“?M*'M is equal to the unit matrix at each point of U, a Us, a U, and (2) 
M*“M** is equal to the unit matrix at each point of U, nm U,. The co-ordinate 
transformations act on the fibers of B from the right. Each 2~'(U,), the inverse 
image of U’, on B, is an incomplete variety which is in biregular correspondence 
with the product variety U, * FE,, where FE, is a vector space of dimension k over 


9. For each E, we select a basis ¢,', ..., éa* such that the family of bases so 


“a 
obtained is adapted to our system of co-ordinate transformations. Let x be a point 
ah go : ; 1 k 1 k 
in U, n Ug; then the fiber +~'(x) has the bases e,, ..., €q and @g, ..., &g, 


which are connected by the transformation law 


k 
ee = Lm *(z)eg 
j=1 


where m,,*°(x) is the value at x of the entry m,;°" of the ith row and jth column of 
the matrix M“. Taking the transposed inverses of the M’s, we obtain a system 
of co-ordinate transformations for a second vector bundle, B, with V,, for base 
space. B is called the “dual” of B because the respective fibers of B and B over 
each point of V, are dual vector spaces. The bundle B is intrinsically associated 
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with B and does not depend upon the particular system of co-ordinate trans- 
formations utilized in its definition. 

The projective group of order k — 1 over Q is isomorphic with the quotient 
group of the general linear group of order /: over Q modulo the subgroup of scalar 
matrices. Applying this quotient mapping to the J/’s, we obtain a system of 
co-ordinate transformations for an algebraic fiber bundle & with V, for base space, 
a projective space of dimension k — 1 over Q for fiber, the projective group of 
order k — 1 over Q for structure group, and a regular rational transformation II 
of ® onto V,, for bundle projection. @ is an algebraic variety of dimension n + 
hk} — 1 which is free from multiple points. A bundle of this type is called a “pro- 
jective bundle”; however, in view of the particular way in which @ is obtained from 
B, we called ® the “projective realization” of B, and we call B an “affine realiza- 
tion” of ®. 6, the projective realization of B, is called the “dual” of ® because 
the respective fibers of ® and ® over each point of V,, are dual projective spaces. 

It is convenient to consider a particular system of co-ordinate transformations 
for @®, which is readily obtained from our original system for B. Denote the 
bundle projection of ® by Tf. Each [1-'(U,) is an incomplete variety which is in 
biregular correspondence with the product variety U, XK P,, where P, is a pro- 
jective space of dimension k — 1 over 2. We select homogeneous co-ordinates 

1 


a) 


the following transformation law holds: 


) 
T _, ta’ for each P, and require for the fiber over a point «on U, n Uy that 


k 
tT, =p m;*"(x) 79° (a eee «hs 
j=1 


where p is an arbitrary nonzero element of Q, since the above equations involve 
homogeneous co-ordinates. 

For each a and 7 (i = 1, ..., k), define U,, ; to be the subset of [1-'(U,) con- 
sisting of those points for which 7,' is not equal to zero. The sets U,, ; are each 
open subsets of ®, and they form a covering of ®. To the ordered pair (a, 7), 
(3, j) we associate a rational function f;*% on , defined according to 


k 

a 2 ap ih wr 

J i) ” z, Min Tp/ TB s 
h=1 / 


f,°° is regular and nonvanishing at each point of (,, ; 9 Ug, , and it is rather easy 


to verify that 


fi~" fin i fas ae hy (1 ) 


i." tA mn a (2) 


Consequently, the f’s serve as a system of co-ordinate transformations for a vector 
hundle 6(B) with ® for base space and a vector space of dimension 1 for fiber. 
A vector bundle with a fiber of dimension 1 is called a ‘line bundle.” The line 
bundle @(B) is called the “basic bundle” associated with B, as it depends solely 
upon B and not upon the particular co-ordinate transformation utilized in its 
construction. We emphasize that the base space of @(B) is ®, the projective 
realization of the dual of B. 

According to André Weil’s theory of line bundles, we associate with the line 
bundle 6(B) a divisor class 9, on ®, which we call the “basic class” of the vector 
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bundle B. The basic class is defined roughly as follows: Appealing to Weil’s 
work, we are able to select a rational function g;“ on V,, for each (a, 7) such that 
g"f,, 5° = g,"; now let 3 be the divisor on ® whose irreducible constituents having 
a nonempty set theoretic intersection with (, ; are given with correct multiplicity 
by the zero and polar loci of giq on Ug, .¢ 8% is the unique divisor class on ® 
containing Jv. 

2. We introduce the assumption that V, admits a projective model. Under 
this assumption it can be proved that & admits a projective model—i.e., if a 
projective bundle is a projective realization of a vector bundle whose base space 
admits a projective model, then the projective bundie admits a projective model. 
The proof of this assertion will be given in Paper II, where a stronger result is 
proved, namely: We construct a projective model for @ such that the fibers of @& 
are mapped onto projective subspaces of the ambient projective space of our 
model. The existence of such imbeddings gives rise to an algebro-geometric 
counterpart to the existence of universal bundles, which is an essential part of the 
topological theory of vector bundles. For the special case where © is the field of 
complex numbers, the proof that @ admits a projective model (under the assump- 
tion that V, admits a projective model) was given by Kodaira. 

Since ® admits a projective model, there is a well-defined rational equivalence 
class (Og)*~!** of dimension n — s on & (s = 0, , n), obtained by multiplying 
0, with itself k — 1 + s times in the rational equivalence ring of ® Applying the 
bundle projection [I to the representative cycles of the class (@,)*~'*+’, we obtain 
a collection of cycles on V, of dimension n — s which belong to a common rational 
equivalence class Y,—,(B) on V, of dimension n — s. We call Y,—.(B) the “sth 
Segre class’? of the vector bundle B, after Beniamino Segre, who introduced such 
classes in a special situation, though the topological counterparts of these classes 
were first given by Chern. However, it is more appropriate to reserve the de- 
nomination “Chern classes” for another set of characteristic classes. First we state 
that Y,,(B) is the class on V, consisting solely of the n-cycle V,. We define X,,(B) 
to be equal to Y,(B). Fors = 1, ...,-n, we inductively define a rational equiva- 
lence class Y,—,(B) on V,, of dimension n — s, according to the formula 


> (—1)X,_ (ByeY¥ 2: (B) = 0, 
0 


—— 


where o denotes multiplication in the rational equivalence ring of V,. X,—,(B) 
is called the “sth Chern class’”’ of the vector bundle B, and if s > min (k, n), then 
X,,.(B) is equal to zero (in the rational equivalence ring of V,,). 

If Q is specialized to be the field of complex numbers, then we can prove that the 
representative cycles of the class Y,—,(B) belong to a homology class of topological 
dimension 2n — 2s with rational coefficients which is dual to the sth Chern co- 
homology class of the bundle B. 

Observe the role played by the assumption that V’, admits a projective model. 
It enables us to define the rational equivalence class (@p)*~!*+* on ® and to exhibit 
representative cycles of the class. 

Further properties of characteristic classes will be given in Paper IT. 

Bibliographical Note.-For the topological theory of characteristic classes of complex vector 
bundles see 8. 8. Chern, ‘Characteristic Classes of Hermitian Manifolds,” Ann. Math, 47, 85 
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121, 1946, and “On the Characteristic Classes of Complex Sphere Bundles and Algebraic Varieties,” 
Am. J. Math., 75, 565-597, 1953. 

For the definition of an algebraic fiber bundle and for the theory of line bundles see A. Weil, 
“Fibre Spaces in Algebraic Geometry” (mimeographed notes, University of Chicago, 1952). 

The theory of rational equivalence was initiated by F. Severi; detailed accounts of it will 
appear in forthcoming publications of W. L. Chow and Pierre Samuel. 

Our reference to B. Segre concerns his article ““Nuovi metodi e risultati nella geometria sulle 


varieta algebriche,”” Ann. mat. pura ed appl., 35, 1-127, 1952. 


ON THE UNWINDING OF DNA 
By C. LevinrHat anp H. R. Crane 
DEPARTMENT OF PHYSICS, UNIVERSITY OF MICHIGAN 
Communicated by D, M. Dennison, May 10, 1956 


There have been a number of discussions of the problem of the mechanism of 
the unwinding of the two strands of the double helix structure of DNA during 
replication. In particular, these efforts have been directed toward finding ways 
in which the two strands can become separated without requiring rotation of the 
whole molecule through a large number of turns. Rotation has been considered to 
be a serious difficulty because it has been visualized as a motion involving some 
kind of lateral translation of the strands through the fluid, that is, a whipping or 
flailing motion of the parting strands. Such whipping motion would (a) produce a 
great amount of tangling which would tend to inhibit the motion and (b) use an ex- 
cessive amount of energy in viscous drag. Several alternate mechanisms have been 
put forward! which offer possible ways around the above difficulties and which are 


topologically workable. In all cases, however, some essential departure from the 


simple picture of replication originally advanced by Watson and Crick? is involved, 
and in general the complexity is increased. The discussion to be presented here 
should not be considered as necessarily supporting the Watson-Crick mechanism, 
in which synthesis is concomitant to unwinding, as against the variations that have 
been proposed. It will, however, show that the unwinding problem, at least, does 
not give rise to a valid objection to this mechanism. 

In line with the Watson-Crick model, let us visualize a Y in which the vertical 
part is the parent helix and in which the two arms are the growing progeny. The 
crotch of the Y represents the point at which the two parallel threads of the parent 
helix separate. We assume that the new and complementary structure forms on 
each of the old threads as the separation progresses. By an appropriate combina- 
tion of rotations of the vertical part and the arms, each on its own axis, all the re- 
quirements of the unwinding of the parent and the coiling of the progeny can be 
satisfied without the Y changing its orientation in space. All that will happen to 
the Y will be gradual shortening of the vertical part and lengthening of the arms, 
together with a spinning of all three branches, in the way in which a speedometer 
cable spins. By a little experimentation with a crude model, one can easily satisfy 
himself that the foregoing model is workable topologically. There are, however, 
several questions of a more quantitative nature that have to be considered. 
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1. Is the energy required to produce the rotation, against viscous drag, small 
enough compared to the energy of formation of the bonds so that it will be supplied 
sasily as a by-product of the replication process? 

2. Does a comparison of the viscous drags for the various possible kinds of ro- 
tational motion dictate that the particular one we have postulated will predominate? 

3. Is the mechanical strength of the helix sufficient to withstand the necessary 
torque without seriously stretching the bonds? 

The calculations which follow will give some of the answers we require. 

If one treats the DNA particle as a cylinder rotating about its axis, one can 
calculate the energy required, per revolution, to overcome the viscous drag. This 
energy is 

: l62*n*npr° 
E, = . ; (1) 
7 

where n is the number of turns in the molecule, p the pitch of the helix, r the radius, 
n the viscosity coefficient for the medium, and 7 the time required for the replica- 
tion. As approximate values applying to our case, we insert in the formula n = 
6,000, p = 34 A,r = 10 A, n = 1 centipoise, and 7 = 100 seconds. The result is 
Kk, = 6 X 10~-" ergs per revolution, or 1.2 X 10~** calories per revolution. One 
revolution corresponds to the formation of about 20 phosphate bonds. On the 
basis of a value of 10 kilocalories per mole for the energy of formation of the bonds, 
the formation of 20 bonds will require 3.3 X 10~'* calories. Thus, the energy re- 
quired for the viscous drag is only about one one-thousandth as much as that re- 
quired for the formation of the phosphate bonds, and it therefore increases the 
total energy requirement only insignificantly. The energy is presumably supplied 
in some form of high-energy bonds in the immediate precursors. This calculation 
is not significantly altered by the fact that the molecule is not straight but randomly 
curved, as long as we assume sufficient rigidity so that at no point is the radius of 
curvature less than several hundred angstroms. However, the calculation does 
assume that the rotation will take place about the axis of the molecule. 

The hydrodynamics problem is somewhat more complicated if we want to 
calculate the torque required to make such a structure rotate about an axis which 
is not coincident with that of the helix. If the distance & from the molecular axis 
to the axis of rotation is small compared to r, then the torque will vary as (r/R)?. 
If R is large compared to r, we can treat the problem as though the cylinder of 
length L were moving linearly in a viscous fluid. To calculate the frictional drag 
per unit length of such a cylinder moving with a velocity v, either we can use the 


theoretical expression® 


=i trun 
~ log (L/r) + 0.5’ 


’ 
1 


or we can estimate the frictional drag from the sedimentation constant of DNA. 
These two methods give approximately the same answer, and the ratio of the torque 
for rotation about an axis away from the molecule to that for rotation on the 
axis is R?/7r?. One expects that, when a torque is applied at one end of a flexible 
thread having negligible inertial forces compared to viscous forces, the kind of ro- 
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tation having the least “drag” will predominate. The result of the foregoing cal- 
culation shows that in the case of our molecular helix the “easy”? kind of rotation is 
the speedometer cable type. This type will, then, be the principal kind of motion, 
while the off-axis rotation will be suppressed because of the far greater magnitude 
of the torque that is required to produce it. 

We consider, finally, the question of the stretching of the bonds due to the torque 
applied at the end of the helix. The tangential force in the helix is computed easily 
by dividing by 2zr in equation (1). It is 


ee = 10° dynes. 

, , 

A reasonable value for the force constant in the phosphate bond is 5 & 10° dynes 
em. Thus the stretching will be 2 & 10~° A, which is extremely small compared 
to the inter-atomic distances. 

The results of the above calculations show that the kind of motion postulated for 
the Y, namely, a rotation of each branch on its own axis, (a) involves requirements 
of mechanical strength and energy production which are well within those avail- 
able and (b) is the favored type of motion from the standpoint of the viscous drag. 

The foregoing discussion was made relative to a rather specific model in which 
the one branch of the Y “unzips” as the other two branches build into double 
helices, that is, a model in which the neighborhood of the crotch of the Y is the 
scene of the replication process. It should be pointed out, however, that the 
conclusions are more generally applicable. For example, they would apply to any 
of the variations in mechanism cited earlier, which involve in any way the spinning 
of a helix on its axis. As a further possible variation in which they would apply. 
let us imagine that the Y, instead of being free in the liquid, is attached at its 
crotch to, say, an enzyme on a surface, which plays a part in the unzipping and 
building process. Here one of the kinds of motion which were considered, namely, 
rotation of the whole Y, would no longer be a possibility, but the speedometer 
cable motion would still be topologically possible and would be as feasible, energeti- 
cally, as it was found to be in the case which was used for the calculation. 

''N. Arley, Nature, 176, 465, 1955; M. Delbriick, these PRocEEDINGs, 40, 783, 1955; G. Ga- 
mow, these PRocEEDINGSs, 41, 7, 1955; J. R. Platt, these ProcerpinGs, 41, 181, 1955; D. P. 


Bloch, these PRocEEDINGs, 41, 1058, 1955. 
2 J. D. Watson and F. H. C. Crick, Nature, 171, 737, 1953; Cold Spring Harbor Symposia Quant. 


Biol., 18, 123, 1953. 
3 J. M. Burgers, in Second Report on Viscosity and Plasticity, Acad. Sci. Amsterdam (1938). 





SOLUTION OF AN INTEGRAL EQUATION OCCURRING IN 
IMPULSIVE WAVE PROPAGATION PROBLEMS* 


By C. L. PEKERIS 
DEPARTMENT OF APPLIED MATHEMATICS, WEIZMANN INSTITUTE, REHOVOT, ISRAEL 
Communicaled May 7, 1956 


1. Introduction.—The traditional method of treating wave propagation problems 
when the disturbance is due to a sudden application of a localized source is first 
to obtain a solution for a source varying periodically with time and then to generalize 
it for an impulsive source through a Fourier synthesis. This program was carried 
out in full in the particular case of the long-range propagation of explosive sound 
in a layered liquid medium! and was subsequently extended by Press and Ewing? 
to the case of an elastic half-space overlain by a liquid layer. A great many 
features predicted by this theory were confirmed quantitatively in the original 
experiments conducted by Ewing and Worzel on the propagation of explosive 
sound in shallow water,® as well as subsequently in Dobrin’s analysis‘ of the sound 
waves produced by the Bikini tests of 1946. Further confirmation of the theory 
has come forth from laboratory model experiments.° 

However, this so-called ‘normal mode theory” is suited to represent the ex- 
plosive sound field only at great ranges. Close to the source, the normal mode 
theory has to be replaced by a “‘ray theory,” based on the wave equation. The 
development of an exact “ray theory” has been retarded because of mathematical 
difficulties, the principal snag being met in effecting the inversion of the integral 


; D ) x? + a? 
[ Ji (' rs) flzje Q/O8V + 2 de. (1) 
0 € 


Here p denotes the operation (0/Ot), ¢ denotes a characteristic velocity of propaga- 
tion of the medium, r is the horizontal distance in cylindrical co-ordinates, H denotes 
the depth of the source or of one of its images, J» is the Bessel function of order 


equation 


p | ec" Wit, r, H) dt = 
J0 € 


zero, f(x) is given, and W is to be determined. 

The integral equation (1) is of common occurrence in a variety of impulsive 
wave propagation problems. Some of these, which arose in connection with 
researches of the writer and his co-workers, are listed below (this list is not meant 
to be exhaustive): (1) the propagation of a seismic surface pulse in a uniform 
elastic half-space,’ (2) propagation of a buried seismic pulse in a uniform elastic 
half-space,® (3) theory of the “refracted”? wave in seismology, (4) the ‘‘ray”’ theory 
of propagation of explosive sound in a layered liquid half-space, and (5) propaga- 
tion of an electromagnetic pulse from an antenna situated near a nonconducting 
ground. 

A common feature of these problems is that the media in which the disturbance 
propagates are doubly or multiply refracting. Thus in cases | and 2 we have 
different velocities of propagation for the compressional and shear waves in the 
elastic medium, while in case 3, for two differing elastic media, four characteristic 
velocities are involved. In case 4 we deal with the two sound velocities, one in 
the surface liquid layer and another in the liquid half-space below it; in case 5 


439 
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the electromagnetic velocities in the au and in the dielectric ground are different, 
Each velocity c; enters the function f(v) in equation (1) through a radical, 
Vx? + a,?, where ¢; = c¢/a;, and f(a) is a rational function of these radicals and 
of x*. 

A general method of solving the integral equation (1) applicable to the above 
circumstances was recently given by the author’ in connection with the seismic- 
buried-source problem. Since the analysis is rather involved, it was thought 
that it would be useful to have a summary prepared of the results, in order to 
facilitate their application to related wave propagation problems, such as those 
listed above. This we shall do in the next section for the particular case when 
the medium is doubly refracting. 

2. Inversion of the Integral Equation.—Let the medium in which the disturbance 
is propagated have only two characteristic wave velocities, and Jet their ratio be 
given by \/a. The function f(x) in equation (1) will in our application be of the 


form 
f(x) = Ri(2’, V x? + a’, Vx? + 22), (2) 


where FR; denotes a rational function of its arguments. The radicals are made 
single valued by cutting up the complex 2-plane by branch lines, according to the 
convention shown in Figure 1. We further assume that f(7) has no poles in the 
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Fic. 1.—-The complex z-plane is cut up by branch lines 
(thick) at the branch points z = +iaandz = +i. a@and 


8 denote the values of 1/z? + a? and of ~/z? + i? on the 
various portions of the v-axis. This figure was drawn 
for case I. In case II, when d < a, the letters \ and a have 
to be interchanged. 





right half of the x-plane, including the imaginary axis." The results to be stated 
below apply to the more general class of even functions f(x) which satisfy the 
condition that the integral of 
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Ea (” re) f(x) exp ( Pz + «) | 
‘ ie 


taken along an arc of a circle in the first quadrant of the z-plane vanishes as the 
radius of the circle tends to ©, 

It is found that the nature of the solution differs in the case (1) when \ > a from 
the case (II) when ’ < a. The physical significance of case I is that in it the 
initial disturbance propagates with the higher of the two characteristic wave 
velocities of the medium. Case I corresponds, for example, to a dilatational source 
in a uniform elastic medium, as contrasted to a shear source, or to an explosive 
source in water lying over a slow-speed bottom, or to an electromagnetic pulse 
radiated by an antenna which is situated in the azr and not in the dielectric. Under 
these circumstances the wave propagation problem is relatively simple because 
the phenomenon of total reflection does not occur. In case II total reflection does 
occur, and this gives rise to diffraction phenomena, of which the most prominent 
is the so-called “refracted wave’’ exploited in the “refraction” method of seismic 
exploration. Even in case II there is, however, a region near the source in which 
total reflection does not occur, and this condition we shall designate as ‘‘ case Ila.” 
The solution of equation (1) is similar in cases I and Ila but is quite different in 
case IIb after total reflection sets in. 

We give below the exact solution of the integral equation (1), based on the 
analysis developed in an earlier paper.’ The solution has been cast in the form 
of definite integrals over the fixed range from 0 to 7/2, in order to facilitate their 
evaluation with the aid of an electronic computer. Adopting the notation 

= Vr + H?, apr! 
R R 
(V1 — y? — hd), 
m= Ve — (1 — h2(1 — 6), (4) 


6* = (hV1 — 72 + yV/1 — A), (5) 
we get 
Case I, X 
W = 0, 
W = W,, 
Case Ila, \ < a,r < Hy/V 1 — ¥*: 


W = 0, 
W = W,, 


Case IIb, \ < a,r> Hy/V1 — 7": 
W 
W 


W 
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Here WW, (hO + ty sin ¢) flav (ho + ipo sin ¢)? — I]dg, (9) 
where Re denotes the real part and the following expressions are to be used for 
the arguments of f(x): 

/ . ° ® / 9 9 ° ° 
> = av (hb + tuo sin ¢)? — 1, Vari t+ a = alhO + ipo sin ¢), 


Vy? +2 = av (hd + tu sin ¢)? + y? — 1; 


f 2a n/2 cos ¢ re te! 
W, = rf (hd + mV x? + sin® ¢) X 
rR 0 V x2 + sin? ¢ 
fliaM 1 — (hO+ mV x? + sin? g)?] dy, (11) 
T denoting the imaginary part and 
/ ; / , 
x= iaVv 1 — (hO+ mv x? + sin? ¢)?, Vaeta2r’ = a(hot+ mY x? + sin’ ¢), 
Vere td? = wV 1 — vy? — (hO+ mV Ke? + sin? ¢)?; (12) 


_  2a6 a/2 cos v 
WV, = I { 
TR Jo Vy? + 82 sin? yy 


(ho + dsin y) fliaW 1 — (hO+ dsiny)2]dy, (13) 


with 


+ = iaV 1 — (hO + Ssin y)?, Vx + a’? = a(hO + ésin yw), 
V x? +)? = iaV 1 — y? — (h06+ 6 sin y)*. (14) 


The physical significance of 6* is that it defines the time of arrival of the ‘“re- 
fracted” wave, i.e., a wave which starts from the source with the slower speed in 
the direction of a ray corresponding to total reflection and then travels along the 
interface with the higher characteristic speed. The interval 6* < 6 < 1 corresponds 
to the time between the arrival of the “‘refracted” wave and the arrival of the direct 
slow-speed wave, so that W». can be taken as the mathematical expression for the shape 
of the “refracted” wave. An interesting result of this theory is that the amplitude 
of the wave becomes logarithmically infinite at the time of arrival of the direct 
slow-speed wave (@ = 1). The direct slow-speed wave is therefore marked by a 
highly peaked arrival in case I1b whereas in cases Ifa and I it is only marked by a 
finite discontinuity. 

3. Solution of Another Operational Equation.—In some applications we need 


to invert the integral equation 


2 ) oo ; 7 - z 
r| e~ "S(t, r, H)dt = I i) Ts (° rs) x? g(x)e~ P/OHV 8" + at dy (15) 
0 C Jo c 


g(x) = Ro(a?, Vx? + a2, V2? + 22), (16) 


where 


is subject to the same conditions as were specified above for f(x). This integral 
equation was also treated in an earlier paper,* and, again for convenience of applica- 
tions, we quote the solution here: 
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Casel,\ >a: 


Case lla, < 


2a ere ee er 
Ke | (hO + ipo sin ¢g)[r — ah(h0 + ipo sin ¢)| X 


rr 0 


glavV (h@+ tuo sin vg)? — 1] de, 


2a ieee COS ¢ Tos — 
= / | (hO + mV x? + sin’ ¢) X 
a So V2 + sin? ¢ 


|r — ah(hé + mV x? + sin? ¢)|] g[zaV | — (hO + mV «2 + sin® ¢)?] d¢ 


¥; 


2a6 /2 cos v : a , 
I ; : (h6 + Od sin W)| r— ah(hd + 6 sin y)] X 
ar 0 V po? + 6 sin? y 


gliaV | — (hd + 6sin y)*] dy. 


The expressions for x, Ve? + a®, and Vx? + 2 to be used for the arguments of 
g(x) in equations (20), (21), and (22) are given respectively in equations (10), (12), 
and (14). 


* Research supported by the ARDC, United States Air Force, under Contract AF 61(514)-899. 
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Schwinger, Julian, 1949 (3), Department of Physics, Harvard University, Cam- 
bridge 38, Massachusetts 

Seaborg, Glenn Theodore, 1948 (5), Department of Chemistry and Chemical 
Engineering, University of California, Berkeley 4, California 

Seares, Frederick Hanley, 1919 (2), 351 Palmetto Drive, Pasadena 2, California 

Segre, Emilio, 1952 (3), Department of Physics, University of California, Berkeley 
4, California 

Seitz, Frederick, 1951 (3), Department of Physics, University of Illinois, Urbana, 
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England 

Houssay, Bernardo Alberto, 1940 (9), Viamonte 2790, Buenos Aires, Argentina 

Jeffreys, Harold, 1945 (13), St. John’s College, Cambridge, England 

Jones, Sir Harold Spencer, 1943 (2), Royal Greenwich Observatory, Herstmonceux 
Castle, Hailsham, Sussex, England 

Kapitza, Peter Leonidovich, 1946 (3), Institute for Physical Problems, Academy of 
Sciences of the U.S.S.R., Moscow, U.S.S.R. 
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Uppsala, Sweden 

Todd, Sir Alexander Robertus, 1955 (5), University of Cambridge, University 
Chemical Laboratory, Pembroke Street, Cambridge, England 

Vallée-Poussin, C. de la, 1929 (1), University of Louvain, Louvain, Belgium 

Vening Meinesz, Felix Andries, 1939 (13), Potgieterlaan 5, Amersfoort, The Nether- 
lands 

Watson, D. M. S., 1938 (8), University College, Gower Street, London, W.C.1, 
England 

Wieland, Heinrich, 1932 (5), Sophienstrasse 9, Munich 2 NW, Germany 

Winge, Ojvind, 1949 (14), Department of Physiology, Carlsberg Laboratory, Copen- 
hagen (Valby), Denmark 

Yukawa, Hideki, 1949 (3), Yukawa Hall, Kyoto University, Kyoto, Japan 


* Dr. Sverdrup was elected a member of the Academy in 1945. He resigned on April 2, 1951, 
on which date he had maintained residence in Norway for three years, thereby losing his American 
citizenship. He was elected a foreign associate on April 29, 1952. 


Number of Foreign Associates July 1, 1956: 56. 
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Murnaghan, F. D. 
Shannon, C. E. 
Steenrod, N. E. 
Stone, M. H. 
Thomas, T. Y. 
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Walsh, J. L. 
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Eisenhart, L. P. 
Evans, G. C. 
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Hille, Einar 
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Alexandroff, P. A. 
Dirac, P. A. M. 
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Taylor, Sir Geoffrey 
Vallée-Poussin, C. de la 
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Seares, F. H. 
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Wilson, Ralph E. 
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Allison, 8. K. 
Alvarez, L. W. 
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Beams, J. W. 
Bethe, H. A. 
Birge, R. T. 
Bloch, Felix 
Bradbury, N. E. 
Breit, Gregory 
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Brode, R. B. 
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Compton, A. H. 
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DuBridge, L. A. 


DuMond, J. W. M. 


Dunning, J. R. 
Epstein, P. 8. 
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Gamow, George 
Goudsmit. S. A. 
Herb, R. G. 
Houston, W. V. 
Hull, A. W. 
Kemble, E. C. 
Kent, R. H. 
Kerst, D. W. 
Kusch, P. 
Lamb, W. E., Jr. 
Land, E. H. 
Lauritsen, C. C. 
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Loomis, F. W. 
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Mason, Max 
Mayer, M. G. 
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Meggers, W. F. 
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Mulliken, R. 8. 
Nier, A. O. C. 
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Foote, P. D., Chairman 
(1959) 
Adams, C. A. 
Bain, E. C. 
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Den Hartog, J. P. 
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Robertson, H. P. 
Rossi, Bruno 
Schwinger, Julian 
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Eyring, Henry 
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Stratton, J. A. 
Suits, C. G. 
Terman, F. E. 
Thomas, C. A. 
Timoshenko, Stephen 
von Karman, T. 
Wilson, Robert E. 
Zinn, W. H. 
Zworykin, V. K. 


Southwell, Sir Richard V. 


Folkers, Karl 
Fuoss, R. M. 
Fuson, R. C. 
Giauque, W. F. 
Gilman, Henry 
Hammett, L. P. 
Harned, H. 8. 
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Hirschfelder, J. A. 
Jacobs, W. A. 
Johnson, J. R. 
Johnson, W. S. 
Keyes, F. G. 
Kharasch, M. 8. 
Kimball, G. E. 
Kirkwood, J. G. 
Kistiakowsky, G. B. 
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Leonard, N. J. 
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Schlesinger, H. I. 
Seaborg, G. T. 
Shedlovsky, Theodore 
Small, L. F. 
Smith, L. I. 


Foreign Associates 
Reichstein, Tadeus 
Robinson, Sir Robert 
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Blinks, L. R. 
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Spedding, F. H. 
Stockmayer, W. H. 
Tishler, Max 

Urey, H. C. 
Warner, J. C. 
Westheimer, F. H. 
Williams, J. W. 
Williams, Robert R. 
Williams, Roger J. 
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Winstein, Saul 
Wolfrom, M. L. 
Woodward, R. B. 
Wyckoff, R. W. 
Yost, D. M. 
Young, W. G. 


Svedberg, The 
Todd, Sir Alexander 
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Nolan, T. B. 
Reeside, J. B., Jr. 
Rubey, W. W. 
Ruedemann, Rudolf 
Schairer, J. F. 
Simpson, G. G. 
Turner, F. J. 
Williams, Howel 
Woodring, W. P. 
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Clausen, R. E. 
Cleland, R. E. 
Couch, J. N. 
Delbriick, Max 
Dodge, B. O. 
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Duggar, B. M. 
Emerson, Robert 
Fred, E. B 

Horsfall, J. G. 

Jones, D. F. 
Kaufmann, B. P. 
Kunkel, L. O. 
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McClintock, Barbara 
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Raper, K. B. 
Rhoades, M. M. 
Riker, A. J. 
Robbins, W. J. 
Sax, Karl 

Sinnott, E. W. 
Skoog, Folke 
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Proc. N. 


Stakman, E. C. 
Stebbins, G. L. 
Thimann, K. V. 
Van Niel, C. B. 
Waksman, S. A. 
Walker, J. C. 
Went, F. W. 
Wetmore, R. H. 
Wilson, P. W. 


Gregory, F. G. 


(8) Zodlogy and Anatomy—51 members 


Nicholas, J.S., Chairman 
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Bartelmez, G. W. 
Bigelow, H. B. 
Bloom, William 
Burns, R. K. 
Castle, W. E. 
Cleveland, L. R. 
Corner, G. W. 
Danforth, C. H. 
Demerec, Milislav 
Detwiler, S. R. 
Dobzhansky, Th. 
Dunn, L. C. 
Goldschmidt, R. B. 
Hamburger, Viktor 
Harrison, R. G. 
Hartman, C. G. 


Fisher, Sir Ronald 
von Frisch, Karl 


Fenn, W. O., 
(1957) 
Bard, Philip 
Bronk, Detlev W. 
Carlson, A. J. 
Cole, K.S. 
Davis, Hallowell 
DuBois, E. F. 
Erlanger, Joseph 
Evans, H. M. 


Chairman 


Harvey, E. N. 
Haskins, C. P. 
Herrick, C. J. 
Hisaw, F. L. 
Holtfreter, J. 
Hubbs, C. L. 
Hutchison, G. E. 
Irwin, M. R. 


Jacobs, M. H. 


Kellogg, Remington 
Lewis, W. H. 
Mayr, Ernst 

Metz, C. W. 
Mirsky, A. E. 
Muller, H. J. 
Painter, T. 8. 
Patterson, J. T. 


Foreign Assoctates 
Levi, Giuseppe 


(9) Physiology—29 members 


Forbes, Alexander 
Gasser, H.S. 
Gerard, R. W. 
Hartline, H. K. 
Hastings, A. B. 
Landis, E. M. 
Lloyd, D. P. C. 
Loeb, R. F. 

Long, C. N. H. 


Lorente de N6, R. 


Petrunkevitch, A. 
Riddle, Oscar 
Romer, A. 8S. 
Schmidt, K. P. 
Schmitt, F. O. 
Schrader, Franz 
Smith, Philip E. 
Sonneborn, T. M. 
Stern, Curt 
Sturtevant, A. H. 
Taliaferro, W. H. 
Twitty, V.C. 
Weiss, Paul 
Wetmore, Alexander 
Willier, B. H. 
Wislocki, G. B. 
Wright, Sewall 


Watson, D. M.S. 


Magoun, H. W. 
Mann, Frank 
Marshall, EF. K., Jr. 
Meek, W. J. 

Pitts, R. F. 
Richards, A. N. 
Schmidt, C. F. 
Smith, Homer W. 
Visscher, M. B. 
Wiggers, C. J. 
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Lord Adrian 
Best, C. H. 
Dale, Sir Henry 
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Foreign Associates 
Hill, A. V. 
Houssay, B. A. 


(10) Pathology and Bacteriology 


Cannon, P. R., Chairman 
(1957) 
Albright, Fuller 
Armstrong, Charles 
Bailey, P. 
Blalock, Alfred 
Castle, W. B. 
Coggeshall, L. T. 
Cole, Rufus 
Dalldorf, Gilbert 
Dochez, A. R. 
Dragstedt, L. R. 
Dubos, R. J. 


Bordet, Jules 


(11) Anthropology 


Shapiro, H. L., Chairman 
(1957) 

Albright, W. F. 

Coon, C.5. 


Beach, F. A., Chairman 
(1959) 

Boring, E. G. 

Carmichael, Leonard 

Gesell, Arnold 

Graham, C. H. 

Guilford, J. P. 

Harlow, H. F. 


Bartlett, Sir Frederic 


Berkner, L. V., Chairman 


(1957) 


Enders, J. F. 
Francis, Thomas, Jr. 
Gamble, J. L. 
Goodpasture, E. W. 
Graham, E. A. 
Heidelberger, Michael 
Horsfall, F. L., Jr. 
Huggins, C. B. 
Little, C. C. 

Loeb, Leo 

Long, E. R. 
MacLeod, C. M. 
Maxey, K. F. 
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Burnet, Sir Macfarlane 


Haury, Emil W. 
Kidder, A. V. 
Kluckhohn, C. kK. M. 
Kroeber, A. L. 
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Caso, Alfonso 


Hilgard, E. R. 
Kohler, Wolfgang 
Lashley, K. 8. 
Lindsley, D. B. 
Miles, W. R. 
Nissen, H. W. 
Pillsbury, W. B. 
Richter, C. P. 
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Michotte, Albert E. 


Adams, L. H. 
Benioff, Hugo 


Lim, Robert K. S. 
Lwoff, André 
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Meyer, K. F. 
Miller, C. P. 
Opie, E. L. 

Paul, J. R. 
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Robertson, O. H. 
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Shope, R. E. 
Tillett, W. 8. 
Whipple, G. H. 


Penfield, Wilder 
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Lothrop, 8. K. 
Lowie, R. H. 
Spier, Leslie 
Steward, J. H. 


(12) Psychology —23 members 


Skinner, B. F. 
Spence, Kk. W. 
Stevens, 8.8. 
Terman, L. M. 
Tolman, E. C. 

v. Békésy, Georg 
Wever, E. G. 
Woodworth, R. 8. 


Pieron, Henri 


(13) Geophysics ——25 members 


Bjerknes, J. 
Brown, Harrison 
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Rossby, C.-G. 
Slichter, L. B. 
Thompson, T. G. 
Verhoogen, John 
Vestine, E. H. 
Wulf, O. R. 


Gutenberg, Beno 
Iselin, C. O’D. 
Lambert, W. D. 
Munk, W. H. 
Pekeris, C. L. 
Piggot, C.S. 
Reichelderfer, F. W. 
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Byers, H. R. 
Eckart, Carl 
Ewing, Maurice 
Fleming, J. A. 
Griggs, D. T. 
Gunn, Ross 
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Jeffreys, H. 
Sverdrup, H. U. 


Chapman, Sydney Vening Meinesz, F. A. 


Helland-Hansen, Bjérn 
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Stanley, W. M., Chair- 


man (1958) 
Anderson, R. J. 
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Balls, A. K. 
Bloch, K. E. 
Carter, H. E. 
Chance, Britton 
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Doisy, E. A. 
du Vigneaud, V. 
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Fruton, J.S. 
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King, C. G. 
Lehninger, A. L. 
Link, K. P. 
Lipmann, Fritz 
Maynard, L. A. 
McCollum, E. V. 
Northrop, J. H. 
Oncley, J. L. 
Rittenberg, David 
Rose, W. C. 
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Shaffer, P. A. 
Snell, E. E. 
Stadie, W. C. 
Szent-Gyorgyi, A. 
Tatum, E. L. 
Van Slyke, D. D. 
Vickery, H. B. 
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Werkman, C. H. 
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Delbriick, Max 
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Northrop, J. H. 
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Pauling, Linus 
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